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i Abstract. — We introduce Hardy spaces for martingales with respect to continuous filtration 

for von Neumann algebras. In particular we prove the analogues of the Burkholder/Gundy and 
£^ Burkholder/Rosenthal inequalities in this setting. The usual arguments using stopping times in the 

commutative case are replaced by tools from noncommutativc function theory and allow us to obtain 
the analogue of the Fcffcrmann-Stcin duality and prove a noncommutativc Davis decomposition. 

Resume (Theorie des espaces Hp pour des filtrations continues dans des algebres de von 
Neumann) 

Nous introduisons des espaces de Hardy pour des martingales relatives a des filtrations continues 
d'algebres de von Neumann. En particulier, nous demontrons les inegalites de Burkholder/Gundy et 
de Burkholder/Rosenthal dans ce cadre. Les arguments usuels bases sur des temps d'arret dans le 
cas commutatif sont remplaces par des outils de la theorie des fonctions non commutatives, qui nous 
(— ( ' permettent d'obtenir l'analogue de la dualite de Fefferman-Stein et de prouver une decomposition de 

Davis non commutative. 
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, Introduction 

The theory of stochastic integrals and martingales with continuous time is a well-known theory 
with many applications. Quantum stochastic calculus is also well developed with applications 
reaching into fields such as quantum optics. In the setting of von Neumann algebras, many classical 
martingale inequalities have been reformulated for noncommutative martingales with respect to 
discrete filtrations, see e.g. I39L I27L I21L I30| . The aim of this paper is to study martingales with 
respect to continuous filtrations in von Neumann algebras. Our long term goal is to develop a 
satisfactory theory for semimartingales, including the convergence of the stochastic integrals. In 
the noncommutative setting, we cannot construct the stochastic integrals pathwise as in [9]. It is 
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unimaginable to consider the path of a process of operators in a von Neumann algebra. However, it 
is well-known that in the classical case, the convergence of the stochastic integrals is closely related 
to the existence of the quadratic variation bracket [-, ■] via the formula 

ft rt 



X t Y t = J X s -dY s + J Y s -dX s + [X,Y] t 



Here the quadratic variation bracket can be characterized as the limit in probability of the following 
dyadic square functions 

2™-l 

[X, Y] t = X Y + lim Y (JW - X t * )(Y t *±i - Y t u). 

k=0 

Hence we will first study this quadratic variation bracket in the setting of von Neumann algebras, 
and then deal with stochastic integrals in a forthcoming paper based on the theory developed here. 
More precisely, we will focus on the -Lp/2-norm of this bracket by considering the Hardy spaces H p 
defined in the classical case by the norm 

\\x\\h p = || fr, a:] Hp/a- 

This paper develops a theory of the Hardy spaces of noncommutative martingales with respect to 
a continuous filtration. One fundamental application is an interpolation theory for these noncom- 
mutative function spaces which has already found applications in theory of semigroups (see e.g. 

HU). 

Let us consider a von Neumann algebra Ai. For simplicity, we assume that M is finite and 
equipped with a normal faithful normalized trace r. Fortunately, the theory of noncommutative 
-f/p-spaces is now very well understood in the discrete setting, i.e., when dealing with an increasing 
sequence (M n )n>o of von Neumann subalgcbras of A4, whose union is weak*-dense in M., We 
consider the associated conditional expectations £ n : M. — >• M. n - In the noncommutative setting it 
is well-known that we always encounter two different objects, the row and column versions of the 
Hardy spaces: 



X H = IKEKWl 2 ) 17 ! and Nk = I (£K(**)I : 



1/2 



where d n {x) = £ n (x) — £ n -i (x). Here ||x|| p = (t(|2;| p )) 1 / p refers to the norm in the noncommutative 
Lp-space. The noncommutative Burkholdcr-Gundy inequalities from |39j say that 

(0.1) L p (M) = Hp with equivalent norms for 1 < p < oo, 



where the i/p-space is defined by 

H 



p 



+ H; for 1 < p < 2 
H c v C\H r p for 2 < p < oo ' 

Following the commutative theory, we should expect to define the bracket [a;, x] for a martingale x 
and then define 

!MI«c = ||[x,x]||^2 and ||x||^ = ||[a;*,a;*]||^2- 

Armed with the definition we may then attempt to prove (|0.1|) for a continuous filtration (Mt)t>o- 
For simplicity, we assume that the continuous parameter set is given by the interval [0,1]. We 
define a candidate for the noncommutative bracket following a nonstandard analysis approach. 
For a finite partition a = {0 = to < t\ < ■ ■ ■ < t n = 1} of the interval [0, 1] and x <G M, we consider 
the finite bracket 

lx,x]„=^2\dUx)\ 2 , 

tea 

where df(x) — £t(x) — £ t -{ a ){x). Then for p > 2, (|0.1|) gives an a-priori bound 

1/2 

|| [a;, icjcr] ||j,/2 — ^pll^llp- H° n cc, for a fixed ultrafilter IA refining the general net of finite partitions 
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of [0, 1], we may simply define 

[x,x] u = w-L p /2-'Hra[x,x] a : 

In fact, in nonstandard analysis, the weak-limit corresponds to the standard part and is known 
to coincide with the classical definition of the bracket for commutative martingales. However, the 
norm is only lower semi-continuous with respect to the weak topology and we should not expect 
Burkholdcr/Gundy inequalities for continuous filtrations to be a simple consequence of the discrete 
theory of 7J p -spaces. Yet, using the crucial observation that the L p / 2 -norms of the discrete brackets 
are monotonous up to a constant, we may show the following result. 

Theorem 0.1. — Let 1 < p < oo and x E Ai. Then 

II r I || ,• || r I || / su Pa II for l<p<2 

a,U Vl [ mf^ ||[x,xJ cr || p / 2 for 2 < p < oo 

In particular, this implies that the L p / 2 -norm of the bracket does not depend on the 

choice of the ultrafilter U 1 up to equivalent norm. We will discuss the independence of the bracket 
[x, x]u itself from the choice of U in a forthcoming paper. Hence for 1 < p < oo and x E M. we 
define the norms 

\\A\u- = \\\ x i x \u\\ 1 J / 2 2 and \\x\\ n * = lim || [a;, ^o-ll^ = lim l|z|l^(<r)- 

P ' (7,14 ' (T,L4 

We denote by T-L^ and T-L^ respectively the corresponding completions. Using Theorem 10. II we may 
show that actually 

(0.2) = Hp with equivalent norms for 1 < p < oo. 

Hence this defines a good candidate for the Hardy space of noncommutative martingales with 
respect to the continuous filtration (Mt)o<t<i- We now want to establish for this space the 
analogues of many well-known results in the discrete setting. For doing this, we will use the 
definition of the space Hp, which will be more practical to work with. In particular, we may embed 
Hp into some ultraproduct space, which has an L p -module structure and a p-equiintcgrability 
property. This allows us to consider Hp as an intermediate space of operators between L^M^) and 
Lp(A4). Then, by complementation, we can show the following duality result. 

Theorem 0.2. — Let 1 < p < oo and 1 + ^ = 1. Then 

(Hp)* = Hp with equivalent norms. 

Note that throughout this paper, following |39j we will consider the anti-linear duality, given 
by the duality bracket (x\y) = r(x*y). Since no confusion is possible, we will denote it by {Hp)*. 
With this convention, the dual space of a column space is still a column space. For p = 1, we also 
establish the analogue of the Fcffcrman- Stein duality in this setting: 

(Hi)* = BMO c with equivalent norms. 

We have to be careful when defining the space BAiO c . A naive candidate for the BAiO c norm is 
given by 

II x IIba40<= = iimlNlsMO^), where \\x\\ BMO c (a) = sup ||£ t (|x - x t - | 2 )||^ 2 . 

However, here our restriction to finite partitions (instead of random partitions in the classical case) 
is restrictive. Indeed, if one of the ||a:||.BAf0c( a .)'s is finite, then x is already in M.. Definitively, we 
expect BAiO c to be larger than M.. We will therefore say that an element x & L 2 (M.) belongs to 
the unit ball of BAAO c if it can be approximated in L2-norm by elements of the form 

w-L 2 -\imx cr with lim ||o;ct|Umo=(o-) < 1- 

This definition gives the expected interpolation result 

Hp = [BMO c ,H\]i/ p with equivalent norms for I < p < oo. 
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We may define the Hardy space Hp as in the discrete setting by considering the sum of the 
column and row Hardy spaces in L-2{M) for 1 < p < 2, and their intersection in L p (A4) for 
2 < p < oo. The continuous analogue of (|0.1j) is then obtained by taking the weak limit of the 
discrete decompositions for 1 < p < 2. However, the usual duality argument used to deduce the case 
2 < p < oo may not be directly applied in this case. We first need to extend a stronger Burkholder- 
Gundy decomposition introduced by Randrianantoanina to the continuous setting. More precisely, 
we need a Burkholder-Gundy decomposition with a simultaneous control of H p and Li norms. This 
is one of the delicate and key points of this paper. In fact, such decompositions with simultaneous 
control of norms turn out to be essential when dealing with duality in the continuous setting. In 
particular, this was one of the motivations of the recent paper |46j . In this paper, we introduce 
another version of a sum, the ffl-sum of two spaces, which is obtained as the completion of a normed 
space equipped with a quotient norm. In classical probability, stopping time arguments allow to 
show that there is no "virtual kernel" when trying to embed this abstract space in L±. However, 
in functional analysis and in particular through Grothendieck's formulation of the approximation 
property, we know that hard analysis may be required to decide whether for such completions the 
kernel is automatically trivial. The same remains true in our situation, and we have to rely on 
Randrianantoanina's work to control these kernels in some cases. We show that for the Hardy 
space Hp we may use cither the new ffl-sum or the usual sum in the definition, and we deduce the 
continuous analogue of (|0.1[) 



Theorem 0. 3. — Let 1 < p < oo . Then 

L p (M) = Hp with equivalent norms. 

We are also interested in the conditioned Hardy spaces h p , defined in the discrete setting by the 
norms 



1/2 



$^£n-iK(«)| 2 ) , IMk; = \\x*\\h° and \\x\\ h d = (^2\\d 



m\hs. 

p 

Then the noncommutative Burkholder inequalities proved in |27j state that 
(0.3) Lp(M) = h p with equivalent norms for 1 < p < oo, 

where the /i p -space is defined by 

h d + h c p + h r p for 1 < p < 2 



i/p 



h^nh c p nh r p for 2 < p < oo 

A column version of these inequalities, which also holds true for p = 1, have been discovered 
independently in [22] and |37j : 

f h d 

(0.4) 



f h d p + h c p for l<p<2 
p \ h* n h p for 2 < p < oo 



In the commutative theory the decomposition for 1 < p < 2 corresponds to a version of the Davis 
decomposition into jump part and conditioned square function. In the conditioned case, we still 
have a crucial monotonicity property, and considering the conditioned bracket 

(x,x) a =^£ t -(<j)\dt(x)\ 2 

tea 

for a finite partition cr, we define the conditioned Hardy spaces h p and of noncommutative 
martingales with respect to the filtration (Mt)o<t<i- Then we may adapt the theory developed 
for the "Hp-spaces to and hp and obtain that 

(0.5) hp = hp with equivalent norms for 1 < p < oo. 

Sometimes we have to resort the theory of noncommutative functions spaces, in particular L p - 
modules over finite von Neumann algebras for comparing different candidates for the hp-norms. 
Indeed, in (|0.5[) the construction is based on free amalgamated products and use the free analogue of 



THEORY OF "Hp-SPACES FOR CONTINUOUS FILTRATIONS 



5 



Rosenthal inequalities. This complementation result implies the conditioned analogue of Theorem 
10.21 and injectivity results for 1 < p < oo. At the time of this writing we do not know if the 
injectivity result still holds true for p = 1, i.e., if h\ embeds into Li(Ai). We will need to consider 
the corresponding subspace of Li(A4), denoted by LhJ. Note that in this case the space bmo c is 
easier to describe. It is defined as the set of operators x <G L- 2 {M) such that 

SUp ||£ t |x - Xt| 2 ||oo < oo. 
0<t<l 

We also prove the expected interpolation result. To obtain the continuous analogue of the decom- 
positions (|0.3|) and (|0.4j) for 1 < p < 2 and 1 < p < 2 respectively, we need to introduce another 
diagonal space hp" C hp, which yields a stronger Davis decomposition, closer to the classical one. 
Then we deduce the continuous analogues of (|0.3[) and (|0.4p for 2 < p < oo by a dual approach. 
Unfortunately, we cannot directly describe the dual space of our continuous analogue of the diago- 
nal space h^. We introduce a variant of the Davis decomposition for 1 < p < 2 with simultaneous 
control of h p and L 2 norms, based on a deep result of Randrianantoanina. Here we use again the 
EB-sum and we need to show that the kernel is trivial in this situation. As a payoff, we find a nice 
description of the space Hi, and the continuity of the maps defined on it can be checked on atoms. 
For open problems in this direction we refer to the appendix. We obtain that for the conditioned 
Hardy spaces, the two sums coincide. Moreover, it is very easy to see that in the Davis decompo- 
sition we may replace the diagonal space hp by a larger, ^-regularized space K p = hp + L 2 {M.). 
That leads to a satisfactory description of the duality for the conditioned Hardy space 

h = { K + K + K for 1 < P < 2 
P ~ I Jp n h c p n h r p for 2 < p < oo ' 

where Jp denotes the dual space of K p ,. We obtain the continuous analogue of ()0.4[) and (|0.3|) 
respectively: 

< p < oo. Then 
for p = 1 

for 1 < p < 2 with equivalent norms, 
for 2 < p < oo 

L p (AA) = h p with equivalent norms. 

By approximation, we deduce a new characterization of BAiO c . 

Theorem 0. 5. — Let 1 < p < oo . Then 

L„(A4) = [£LM0,'Hi]a with equivalent norms. 

The paper is organized as follows. In Section Q] we recall some necessary preliminaries on ultra- 
product of Banach spaces in general, and on ultraproduct of von Neumann algebras in particular. 
We also discuss the finite case, and give some background on ip-modules and free Rosenthal 
inequalities. The main part of this paper is developed in Section where we define the Hardy 
spaces Hp and Hp of noncommutative martingales with respect to a continuous filtration and prove 
Theorem 10.11 and (|Q.2[) . We also transfer injectivity, complementation, duality and interpolation 
results from the discrete setting to this case. The continuous analogue of the noncommutative 
Burkholdcr-Gundy inequalities (Theorem I0.3[) is proved in Section [31 where we introduce a variant 
way of considering the sum of two Banach spaces. In our setting this corresponds in some sense 
to focus on the decomposition at the level of L2(A4), and with the help of Randrianantoanina's 
results we extend our continuous Burkholder-Gundy decomposition to this stronger sum. Section|4] 
is devoted to the study of the conditioned Hardy spaces hp. The Davis and Burkholder-Rosenthal 
inequalities are presented in SectionO in which the diagonal spaces hi 1 , hp c , Kp and Jp, for 1 < p < 2 



Theorem 0-4 




, p , ..p 

For 1 < p < oo, 
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are denned. At the beginning of each section, we recall the discrete results that we want to refor- 
mulate in the continuous setting, and add some details on the discrete proofs. At the end of this 
paper, some open problems arc collected in the Appendix. 

Throughout this paper, the notation a p ~ b p means that there exist two positive constants c 
and C such that 

c<^<C. 
bp 
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1. Preliminaries 

1.1. Noncommutative L p -spaces and martingales with respect to continuous nitra- 
tions. — We use standard notation in operator algebras. We refer to [311 152j for background on 
von Neumann algebra theory, to the survey [40] for details on noncommutative L p -spaces, and to 
[14L 154] in particular for the Haagerup noncommutative L p -spaces. In the sequel, even if we will 
define some L p -spaces in the type III case, we will mainly work with noncommutative L p -spaces 
associated to semifinite von Neumann algebras. Let us briefly recall this construction. Let Ai be a 
semifinite von Neumann algebra equipped with a normal faithful semifinite trace r. For < p < oo, 
we denote by L p {Ai,r) or simply L p {Ai) the noncommutative L p -space associated with (A4,t). 
Note that if p = oo, L p (M) is just Ai itself with the operator norm; also recall that for < p < oo 
the (quasi) norm on L p (Ai) is defined by 

NIp = (t(M p , xeL p (M) 

where \x\ = (x*x) 1 ^ 2 is the usual modulus of x. 

Following [39] , for 1 < p < oo and a finite sequence a = (a„)„>o in L p (Ai) we set 

j/2 

\\a\\ Lp (M;l- 2 ) = (X] l a ™' 2 ) W a h P (M;ir 2 ) = \W* \\ L p (M;t 2 ) ■ 

n>0 P 

Then || • \\l p {m-,^) (rcsp. || • \\l p (m-,i^)) defines a norm on the family of finite sequences of L p (M). 
The corresponding completion is a Banach space, denoted by L^M.;^) (resp. L p (M.; I?)) . For 
p = oo, we define L^M]^) (respectively L^M;^)) as tne Banach space of the sequences in 
Loo(M.) such that J2n>o x n x n (respectively J2n>o x n x * n ) converges for the weak-operator topology. 
These spaces will be denoted by L P {M; l^ij)) and L p (A4; ^i(-O) wncrL the considered sequences 
are indexed by /. 

Let (Mt)t>o be an increasing family of von Neumann subalgebras of M. whose union is weak*- 
dense in Ai. Moreover, we assume that for all t > there exist normal faithful conditional 
expectations £ t : A4 — > Ait- Throughout this paper, we assume that the filtration (Ait)t>o is 
right continuous, i.e., Ait = C\ s >fM s for all t > 0. A family x = (x t )t>o in Li(Ai) is called a 
noncommutative martingale with respect to (Ait)t>o if 

£s( x t) = x s, V0 < s < t. 

If in addition all Xt's are in L p {Ai) for some 1 < p < oo, then x is called an L p -martingalc. In this 
case we set 

||.x|| p = sup||x t || p . 

t>0 
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If \\x\\ p < oo, we say that a; is a bounded L p -martingalc. 

Let x = (xt)t>o be a noncommutativc martingale with respect to (M.t)t>o- We say that a; is a 
finite martingale if there exists a finite time T > such that Xt = xt for all t > T. In this paper, 
we will only consider finite martingales on [0,1], i.e., T = 1. In this case, for a finite partition 
a = {0 = to < t\ < *2 < • • • < in = 1} of [0, 1] we denote < + (er) = t, + i the successor of t = tj and 
t~(cr) = tj-i its predecessor, and for t > we define 

- / x t- x t~M fort >0 
d * [X) ~ { x for t = ' 

In the sequel, for any operator a; € Li(A^) we denote Xt = £t(x) for all t > 0. 
1.2. Ultraproduct techniques. — 

1.2.1. Ultraproduct of Banach spaces. — Our approach will be mainly based on ultraproduct 
constructions. Let us first recall the definition and some well-known results on the ultraproducts 
of Banach spaces. Let U be an ultrafilter on a directed set X. They are fixed throughout all this 
subsection. Recall that U is a collection of subsets of X such that 

(i) i U- 

(ii) If A, B C X such that A C B and A eU, then B G W; 

(iii) U A,B eU then AnB eU; 

(iv) If A C I, then either AeW orI\4eW. 

Let X be a normed vector space. For a family {xiji^x indexed by I in X, we say that x = lim^ Xi 
is the limit of the Xi's along the ultrafilter U if 

{i e X : \\x - x.i\\ < e} £ U for all e > 0. 

Recall that this limit always exists whenever the family (xi)i^x is in a compact space. If X is a 
dual space, then its unit ball is wcak*-compact, and any bounded family in X admits a weak*-limit 
along the ultrafilter U. If X is reflexive, since the weak-topology coincide with the weak*-topology, 
we deduce that any bounded family in X admits a weak-limit along the ultrafilter U. 

We now turn to the ultraproduct construction. Let us start with the ultraproduct of a family 
(Xi) i£ x of Banach spaces. Let ioo{{Xi : i € I}) be the space of bounded families (xi) !6 x € Yli 
equipped with the supremum norm. We define the ultraproduct LJ W Xi, also denoted by Y\i Xi/U, 
as the quotient space £oc({^i '■ i & X})/N u , where N 14 denotes the (closed) subspace of W-vanishing 
families, i.e., 

M u = {(Xi) iex G eoc({Xi :iel}): lim ||.t ? || Xi = 0}. 

i,U 

We will denote by (xi)° the element of Ilw^i represented by the family (xi)i^x. Recall that the 
quotient norm is simply given by 

||(^ni=lim||^|| Xi . 

If Xi — X for all i, then we denote by £oo(X;X) the space of bounded X-valued families and by 
Jl^^ the quotient space £ OQ (X]X)/N u , called ultrapower in this case. We refer to [16|. I51| for 
basic facts about ultraproducts of Banach spaces. If (Xi)i e x, {Yi)iex are two families of Banach 
spaces and Tj : Xi Yi are linear operators uniformly bounded in i € X, we can define canonically 
the ultraproduct map Tu = (Ti)' as 

( Xl y .— > (TiXi)' • 

In the sequel we will often use the following useful fact without any further reference. 



Lemma 1.1. — Let (Xj)igi be a family of Banach spaces and let x = (a;, )* €E riw^i ^ e suc ^ that 
\\x\\Y[ u Xi ~ Ihrii.iY < !■ Then there exists a family (xi)i<£i € £oo({Xi : i € I}) such that 

x = (xi)* and \\xi\\xi < 1, Vi G X. 
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Proof. — Setting 

Xi if \\xi\\xi < 1 



otherwise 

we get a family verifying jc € < 1 for all i £ 1. Moreover, by the definition of the limit along 
the ultrafiltcr U, we have lim^ \\xi — 5?j||x; = 0. Indeed, if we denote £ = limj jy H^iHxj < 1, then 
for any 8 > we have 

As = {i£l:\£-\\xi\\ Xi \<6}eU. 

Observe that for 8 = > 0, each i £ Ag satisfies ||xi||x< < £ + 8 = ^4^- < 1. Hence for all e > 0, 
the condition (ii) in the definition of an ultrafiltcr implies 

Ax-i C {i £ 1 : \\xiWxi <l}c{i£l: - Xi\\x, <e} £U. 

This shows that (xi)° = {xi)° an d ends the proof. □ 

We will need to study the dual space of an ultraproduct. For a family of Banach spaces (Xi) i£ x, 
there is a canonical isometric embedding J of \\ u X* into ( ]J U X^j defined by 

(Jx*\x) = \im(x*\xi) 

l.JA 

for a;* = (x*)' £ fl u X* and x = {xi) % £ fl u Xj. Hence we may identify fl u X* with a subspace 
of ^Ilw^j) • These two spaces coincide in the following case. 



Lemma 1.2 ( |17| ). — Let (Xj)jgx be a family of Banach spaces. Then [YhjXA = \\ u X* if 
and only if \\ u Xi is reflexive. 

Even in the non reflexive case, the subspace is "big" in ^11^^) m t ne sense of the 

following Lemma. This is also a well-known fact of the theory of ultraproducts (see [51| , Section 
11), we include a proof for the convenience of the reader. 

Lemma 1.3. — Let (Xi)i^x be a family of Banach spaces. Then the unit ball of\\ u X* is weak*- 
dense in the unit ball of I \\ u Xi 



Proof. — We first prove that for two normed vector spaces X and Y such that Y is a norming 
subspace of X*, the unit ball of Y is weak*-dense in the unit ball of X* . Suppose that By is not 
weak*-dense in Bx * , then by the Hahn-Banach Theorem there exist x* £ Bx* and x £ X such 
that |(a;*|x)| = 1 and for all y £ By, \(y\x)\ < 8, < 8 < 1. Since Y is a norming subspace of X* 
we have 

||xj|. Y = sup |(y|a;)| < 8. 

y£B Y 

Then 

l = \(x*\x)\<\\x*\\x*\\x\\x<5, 
which contradicts 8 < 1 . It remains to apply this general result to X = Yin Xi and Y = J\ u X* . 
It suffices to see that IIw^i* 1S a norming subspace of friw^) • Let x = G IIw^- For 

each i £ I, there exists z* £ Bx* such that ||ar||x i = K 2 *! 2 ^)!- Multiplying by a complex number 
of modulus 1, we can assume that ||x||xi = i z i\ x i). Thus 

Nln^ = lim IMU> = lim «l ;c i) 

< sup \]im(y?\xi)\ = sup \{y*\x)\. 

□ 
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1.2.2. Ultraproduct of von Neumann algebras : the general case. — We now consider the ultraprod- 
uct construction for von Neumann algebras. For convenience we will simply consider ultrapowers, 
but all the following discussion remains valid for ultraproducts. It is well-known that if A is a C*- 
algebra, then Y\ u A is still a C*-algebra. On the other hand, the class of von Neumann algebras 
is not closed under ultrapowers. However, according to Groh's work |12j . we know that the class 
of the prcduals of von Neumann algebras is closed under ultrapowers. Let M be a von Neumann 
algebra. Then \\ u M* is the predual of a von Neumann algebra denoted by 

M U =(ii u M*y. 

Moreover, JIu identifies naturally to a weak*-dense subalgebra of Mu- As detailed in |47j . we 
can also see Mu as the von Neumann algebra generated by Y\ u M in -B(Hw wnere we have a 
standard ^-representation of M over the Hilbcrt space T~L. Following Raynaud's work [47j . for all 
p>0we can construct an isometric isomorphism 

A p :]l u L p (M)^L p (Mu), 

which preserves the following structures 

- conjugation: A p ((x*)') = A p ((xi)')*, 

- absolute values: A p ((\xi\)') = \A p ((xi)')\, 

- Uu -M-bimodule structure: A p ((a l )* ■ (x l )' ■ (h)*) = (a,)' • A p ((x i )') • (&,)*, 

- external product: A r ((xi)' ■ (y t ) m ) = A p (( Xi )*) ■ A 9 ((^)') for £ = £ + \, 

for all (xi)' £ Tiu-LpiM), (y,)* £ Y[uL q {.M) and (a,i)',(bi)' £ Yiu-^- In the sequel we will 
identify the spaces Y\ u L p {M.) and L p {Mu) without any further reference. 

1.2.3. Ultraproduct of von Neumann algebras : the finite case. — We now discuss the finite situ- 
ation. Let M. be a finite von Neumann algebra equipped with a normal faithful normalized trace 
t. In this case the usual von Neumann algebra ultrapower is A4u = ^oo(Z', X)/I u , where 

l u = {(Xi)iez £ toofcX) : limr^x,) = 0}. 

According to Sakai ( |50j ). M.u is a finite von Neumann algebra when equipped with the ultrapower 
map of the trace r, denoted by tu and defined by 

Tu{{xi)') = limr(xi). 

i.U 

Note that this definition is compatible with Xu , and defines a normal faithful normalized trace on 
Mu- We may identify Mu as a dense subspace of L\{Mu) via the map x £ Mu ^ Tu(x-) £ 
Li(Mu)- Then for x = (xi)* £ Mu, we have ||x||i = limj^ ||^i||i- Observe that this does not 
depend on the representing family (xi) of x. Let us define the map 

f Mu — ► L x (Mu) 
■ \ { Xi y ^ (r(x v )y ■ 

We see that this map is well-defined, and it is clear that ||t((xi)*)||i = lim^^ ll^ilji- Hence by 
density we can extend l to an isometry from L\(Mu) into L\{Mu)- Since L\(Mu) is stable under 
Mu actions, Theorem III. 2. 7 of 1521 gives a central projection eu in Mu such that L\(Mu) = 
Li(Mu)su- We can see that eu is the support projection of the trace tu- In the sequel we will 
identify Mu as a subalgebra of Mu, by considering Mu = Mu^u- More generally we have 

(1.1) L p (Mu) = L p (M u )eu for allO < p < oo. 

The subspace L p {Mu) can be characterized by using the notion of p-equiintegrability as follows. 
Let us recall the definition of a p-equiintegrablc subset of a noncommutativc L p -space introduced 
in 1521 for p = 1 and by Randrianantoanina in |42j for any p. 
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Definition 1.4- — Let < p < oo. A bounded subset K of L p (A4) is called p-equiintegrable if 

lim sup ||e n xe„|| p = 

n ~ >oc x£K 

for every decreasing sequences (e n ) n of projections of AA which weak* -converges to 0. 
If p = 1, we say that K is uniformly integrable. 

Recall that finite subsets of L p (M.) are p-equiintegrable. We will use the following characteri- 
zation coming from Corollary 2.7 of |15j . 

Lemma 1.5. — Let 1 < p < oo and (xj)i e x be a bounded family in L p (A4). Then the following 
assertions are equivalent. 

(i) (xi)i<=z is p-equiintegrable; 
(ii) lim sup dist r (x, ; , TB M ) = 0; 

T— >oo j 

(in) lim lim ||x;l(|xi| > T)\\ p = 0, 

where for a > 0, l(a > T) denotes the spectral projection of a corresponding to the interval (T, oo). 
Observe that (jl.ip implies that for < p < oo and x £ L p (Mu) 

x G L p (Mu) x = xe U - 

Moreover, in the finite case, eu corresponds to the projection denoted by s e in [48 . Hence Theorem 
4.6 of [48] yields the following characterization of L p (A4u)- 

Theorem 1.6. — Let < p < oo and x € L p (Mu)- Then the following assertions are equivalent. 

(i) x e L, p (Mu); 

(ii) x admits a p-equiintegrable representing family (xj)igx- 

For < p < p < oo, since M. is finite we have a contractive inclusion L p (M.) C L p (M). Let 
us denote by I p ^ p : Ylu L p {Ai) Yiu L p {Ai) the contractive ultraproduct map of the componen- 
twise inclusion maps. Note that although the componentwise inclusion maps are injective, the 
ultraproduct map I p p is not. However, its restriction to L p (A4u) is injective. Indeed, using the 
weak*-density of Yiu M in Mu, we see that I p . p is bimodular under the action of Mu- Hence, if 
x G L p (Aiu) satisfies x = xeu, then I p>p {x) = I p . p {xeu) = Ip,p{x)eu S L p (A4u). This shows that 
Ip, P ■ L p (Mu) — > Lp(Mu)- Moreover, since Mu is finite, the map Tp tP coincides on L p (Mu) with 
the natural inclusion L p (A4u) C L p (A4u)- 

We deduce from Theorem 1 1.61 the following description of the space L p (Aiu), viewed as a subspace 
of L p (Mu)- 

Lemma 1.7. — Let < p < oo . Then 

L P (Mu) = (J I p , p {L p (M u )) hp(Mu) . 
p>p 

Proof. — Let us first show that I p ^ p (L p (Mu j) C L p {Mu) for p > p. Let x = (x^)' G L p (Mu). By 
Theorem 11.61 it suffices to prove that the family (xj)igx is p-equiintegrable. For T > and each 
i G T we have 

IMdx.,1 > T)|| p < Hxilxilf-V-I || p < T 1 -! Hxillf. 
Taking the limit along the ultrafilter W we obtain 

iim|M(N >T)|| P <T 1 -f||x||; _ 

Since 1 — jj < 0, this tends to as T goes to oo. We conclude that (xi)j £ x is p-equiintegrable by 
using Lemma [T751 Conversely, let x G L p (A4u). Since .Mw is finite, L p (A4u) is dense in L p (A4u) 
for all p > p. Hence for all e > there exists y G L p (Mu) such that ||x — t/|| x, < £ - Since 



THEORY OF "Hp-SPACES FOR CONTINUOUS FILTRATIONS 



11 



L p (Mu) is isometrically embedded into L p (Aiu) an d y = Ip P {y) G Ip. P (Lp(Aiu)), this ends the 
proof. □ 

For p = 1, we can translate the notion of uniform intcgrability in terms of compactness as 
follows. 

Theorem 1.8 ( |52j ). — Let K be a bounded subset of the predual Ai* of M.. Then the following 
assertions are equivalent. 

(i) K is uniformly integrable; 
(ii) K is weakly relatively compact. 

Let us consider 

(M,t) — ► (Mu,m) 



X 1— > (&)• 



Since in is trace preserving, this yields an isometric embedding of L\(M.) into L\(Aiu)- Hence we 
get natural inclusions 

Li(M) C L x {Mu) C L^Mu), 

where L\(Mu) represents the bounded families in Li(A4), Li(Aiu) corresponds to the weakly 
converging families along U and L±(A4) consists of the collection of the constants families. 
We end this subsection with the introduction of a conditional expectation. We set 

£u = (iu)* ■ M u -> M. 

Then Eu is a normal faithful conditional expectation on M.u- Since Eu is trace preserving, for all 
1 < p < oo we can extend £u to a contraction from L p (A4u) onto L P (A4), still denoted by Su- 
Moreover, for 1 < p < oo and x = (xi)' G L p (Mu) we have 

£u(x) — iv* -L p - lira Xi. 

i.U 

Indeed, for y E L p i (Ai ) and | + y = 1 wc can write 

(1.2) T(£ u (x)*y) = T U (x*i u (y)) = \imr{x*y). 

i.U 

Note that since in this case L p (A4) is a dual space, the weak*-limit of the x^s exists for any bounded 
family (xi). Hence we may extend Eu to L p (AAu) f° r 1 < P < oo. However this extension, still 
denoted by Eu in the sequel, is no longer faithful. For 1 < p < oo, since L p (Ai) is reflexive, the 
weak*-limit corresponds to the weak-limit. Recall that by Theorem 1 1.8[ Li(Mu) corresponds to 
the weakly converging families. Thus (|1.2[) implies that for 1 < p < oo and x = (xi)* G L p (M.u) 
we have 

Eu{x) = w-L p - lim xi. 

1.3. L p A^-modules. — Wc will use the theory of I/ p -modules introduced in I26| . This structure 
will help us to prove duality and interpolation results for different 'Hp-spaces. We may say that 
Lp-modules are L p -versions of Hilbcrt H /r *-modules. Let Ai be a von Neumann algebra. 

Definition 1.9. — Let 1 < p < oo. A right AA-module X is called a right L p AA-module if it 
has an L p /2(AA) -valued inner product, i.e. there is a sesquilinear map (■, ■) : X x X — > L p /2(A4), 
conjugate linear in the first variable, such that for all x, y € X and all a G A4 

(i) (x,x) > 0, and (x,x) = <^=> x = 0, 
(ii) (x,y)* = (y,x), 
(Hi) (x,ya) = (x,y)a, 

and X is complete in the inherited (quasi)norm 
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We call X a right Ai-module if it has an L oc (A / I) -valued inner product and is complete with 
respect to the strong operator topology, i.e. the topology arising from the seminorms 

\\x\\ sp = (<p({x,x))y/ 2 , <peM+. 

The basic example of such a right L p .M-modulc is given by the column L p -space L p (A4;£ 2 ). 
Here for a G M and x = J2n>o e «,o ® x n ,y = J2 n >o e ™,o ® y n G Lp(.M;^2) we define the right 
.M-module action by 

x ■ a = ^2 e„ >0 (8 (x„a). 

n>0 

Then we define the following L p /2(-M)~valucd inner product 

(x,y)L p (M-,q) = Yl X nVn G L p/2 {M). 
n>0 

Let us highlight another important example of L p -module introduced in 12 1| . Let £ : A4 — >• AT be 
a normal faithful conditional expectation, where Af is a von Neumann subalgcbra of the finite von 
Neumann algebra A4 . Then for < p < oo and x, y G L p (A^) we may consider the bracket 

(x,y)Lc(M-,£) =£{x*y) e L p/2 (Af), 

where f denotes the extension of £ to L p /2(.M) (see |27) for details on conditional expectations). 
It is clear that this defines an L p / 2 (TV)-valued inner product, and the associated L p N- module 
is denoted by L p (A4;£). This means that L p (A4;£) is the completion of M. with respect to the 
quasi-norm 

IMUj(M ; £) = ||^(^**)llp/2- 

For p — oo we denote by L^(A4; £) the closure with respect to the strong operator topology. 
Recall that for p > 2 the space L p (M;£ ) can also be defined as the closure of L P {A4). It is proved 
in Proposition 2.8 of |21| that this latter example is similar to the former one. More precisely, 
this Proposition shows that L p (M; £) is isometrically isomorphic, as a module, to a complemented 
subspace of L p {Af]i 2 )- As a consequence, we obtain that || • \\l^{M\£) IS a norm. We also deduce 
from the well-known duality and interpolation results for the column L p -space L p (Af] £ 2 ) the same 
results for L^(M;£). 

Proposition 1.10. — Let 1 < p < oo. 

(i) Let i + i = 1. Then {L c p (M; £))* = L c pl (M; £) isometrically. 
(ii) We have {L\{M;£))* = L°£ t (M;£) isometrically. 
(Hi) Let 1 < p\ < p 2 < oo and < 9 < 1 be such that | = + Then 

Lp(M;£) = [L pi (M\ £) , L c p ^(M; £)]g with equivalent norms. 

Remark 1.11. — Since L p (A4) is dense in L p (A4;£) for p > 2, Proposition II. 101 (i) implies that 
for 1 < p < 2, L p (M;£) embeds into L p (M). This still holds true for p = 1. Indeed, Ll(M;£) is 
described as a subspace of Li(A^l) in [24], (c) p. 28, as follows 

L\{M;£) = L 2 (M)L 2 (N) with equivalent norms. 

Recall that L 2 (A4)L 2 (M) is defined as the subset of elements x G Li(A4) which factorizes as x = ya 
with y G L 2 (A4) and a G L 2 (Af). The norm is given by 

IW|l 2 (A4)L 2 (A0 = x fidMl2/||L 2 (7W)IMU 2 (A0- 

Proposition 2.8 of 21 has been extended in [26 for any L p .M-module. By Theorem 3.6 of 
|26j . a right A'l-module X is a right L p A4-module if and only if X is a "column sum of I/ p -spaces" 
in the following sense. 
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Theorem 1.12 ( 26 ). Let X be a right L p Ai-module. Then X is isometrically isomorphic, 
as an L p -module, to a principal L p -module, i.e., there exists a set (g a ) ae j of projections in Ai such 
that 

a 

1/2 

This latter set is denoted by ©iq a L p {M.) and endowed with the norm ||(£,»)<»|| = J2 a €a€a 

p/2 

In the finite case, if we have a projective system of L p .M-modules in the sense of the following 
Corollary with some density property, then we may represent this family by using the same set of 
projections. 

Corollary 1.13. — Let Ai be a finite von Neumann algebra. Let (X J) )i< p < 00 be a family of right 
Ai-modules such that 

(i) X p is an L p Ai-module for all 1 < p < oo. 

(ii) There exists a family of modular maps I q ^ p : X q — > X p for p < q satisfying L PiP = idx p and 

Iq, P ° Ir.q = I r , P for p<q<r. 
(Hi) The inner products are compatible with the maps L QiP , i.e., 



(x,y)x q = (Iq, p (x),I qtP (y)) 



for p < q and x, y € X q . 
(iv) /oo,p(^oo) is dense in X p for all 1 < p < oo. 

Then there exists a set (q a ) a£ j of projections in Ai such that for all 1 < p < oo, X p is isometrically 
isomorphic, as an L p -module, to ®iq a L p {M). 

Proof. — Observe that (iii) implies that the maps I q ^ p are contractive and injective. Indeed, for 
p < q and x £ X q , since Ai is finite we have 

II^, p O)ILy p = \\{hA x )>kA x ))xptJ/2 

= \\{x,x) Xq \\ 1 J^<\\{x,x) Xq \\ 1 J / l 

= Nk- 

For the injectivity, if I q ^ p {x) = then (L q . p (x), I q ,p{x))x p = in L p / 2 (Ai). By (iii), this implies that 
(x,x)x q =0 in L q / 2 (Ai), hence x = in X q by (i) of Definition 11.91 We now turn to the proof of 
the Corollary. We first apply Theorem 1 1.1 21 to the L^ .M-module Xoo and obtain a set (q a )aei °f 
projections in Ai and an isometric isomorphism of L p -modules 0oo : X^ ®iq a Loo(Ai). We may 
extend this isomorphism to X p by density as follows. For 1 < p < oo and x = Ioo,p{y) € ^oo,p(^oo) 
we set 

(j) p (x) = <j>oo(y) € ®iq a Loo{M). 

Since Ai is finite, we have a contractive inclusion ®q a Loo{Ai) C ®q a L p {Ai) and <f> p preserves 
the L p / 2 (A'l)-valued inner product. Indeed, for x\ = Ioo, P {yi) , P (yi) € ^oo, P (^oo); the 

modularity of (j)^ implies 

(<l>p(xi),<f>p(x 2 )) maLp ( M ) = (0oo(2/l)>oo(y2))e/q«Loc(A4) = (yi,V2)x ao 

= (Io ,p{yi),Io ,p{y2))x p by (iii) 
= (xi,x 2 ) Xp - 

Hence by the density assumption (iv) we can extend 4> p to an isometric homomorphism of L p - 
modules on X p to ®q a L p {M). Since (BqaL^Ai) is dense in ®q a L p {Ai), by the same way we 
can construct <f>~ . Thus we obtain an isometric isomorphism of L p -modules (j) p which makes the 
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following diagram commuting 

^oo ■<-^®q a L O0 (M) . 

Ioa,p id 

X p ^ -^@q a L p {M) 

□ 

In this situation, we may deduce the following results from some well-known facts on the column 
Lp-spaces ®q a L p (M). 

Corollary 1.14- — Let AA be a finite von Neumann algebra. Let (X p )i< p <oo be a family of right 
AA-modules as in Corollary \1. 131 

(i) Let 1 < p < oo and ^ + -7 = 1. Then (X p )* = X p i isometrically. 

(ii) Let l<pi<p<P2<oo and < 9 < 1 be such that i = + T/ien 

-Xp = [-^pi j -Xp 2 ]e>- 

1.4. Free Rosenthal inequalities. — Amalgamated free products and the free analogue of 
Rosenthal inequalities ([25]) will be key tools needed for the study of the continuous analogue 
of the conditioned Hardy spaces h p . After briefly recalling the notations, we will present the 
Rosenthal/ Voiculcscu type inequality stated in I25J in the amalgamated free product case. Then 
we will extend it by duality to the case 1 < p < 2. 

Voiculescu introduced the notion of amalgamated free product of C*-algcbras in |55j . and we 
refer to |25j and [24] for the construction in the von Neumann setting. Let Aq,Ai,-- - , Ajv be a 
finite family of von Neumann algebras having AA as a common von Neumann subalgebra. Suppose 
that AA is finite and equipped with a normal faithful normalized trace r. We also assume that 
£n = £m\a„ arc faithful conditional expectations. Recall that the amalgamated free product 
Af = *M&n can be seen as 

*m A„ = (m © A h A h ■ ■ ■ °A jm ) ", 

O 

where An denotes the mean-zero subspacc 

o 

A n = {a n 6 A„ : £ n (a n ) = 0}. 

We denote by p : A4 — > Af the *-homomorphism which sends AA to the amalgamated copy, and by 
£m : Af — > AA the normal faithful conditional expectation onto the amalgamated copy. The von 
Neumann algebra A„ can be identified as von Neumann subalgebra of Af via the *-homomorphism 

Pn ■ A n ->• Af, 

which sends A„ to the n-th copy of Af = *A-fA„. With this identification, we may use either 
or £ n {=£m Pn rigorously) indistinctively over A„. In the sequel we will always use the notation 
£m- Moreover, we may equip the von Neumann algebras Ao, Ai, • • ■ , An and Af with the normal 
faithful normalized trace defined by 

tr = t o £ M . 

We denote by £& n : Af — > A n the conditional expectation onto A„. It turns out that Ao, • • • , An 
arc freely independent over £m- For a given nonnegative integer d, we denote the homogeneous 
part of degree d of the algebraic free product by 

0O o 
A. A /; . ■■■ A Jd ■ 

For d = 0, Srf is simply Ai. We define Afd as the weak*-closure of in Af. This means that Afd is 
the subspace of Af of homogeneous free polynomials of degree d. We also define Xp as the closure 
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of Y>d in L p {N), and Y pc (resp. Y pr ) as the closure of in L p (N;£m) (resp. L p (M;£m))- Wc 
will need the complementation result below. 

Proposition 1.15. — Let 1 < p < oo and d be a nonnegative integer. Let 

V d ■ M ® A* A J2 ■ ■ ■ kj m -> E d 

6e t/ie natural projection. Then 
(i) Vd extends to a bounded projection (of norm less than max(4d, 1)^ from L p (Af) onto X p . 
(ii) Vd extends to a contractive projection from L^(M;£m) (resp. L^{M;£m)) onto Y pc (resp. 
Y d ). 

Proof. — Assertion (i) is stated in |25j . It can be deduced from the case p = oo proved in |49j 
by transposition and complex interpolation. The second point follows easily from orthogonality. 

o o o 

Indeed, let x € M © m >! ® h ^ n ^...^ jm AjiAj 2 1 1 ' Aj m . We can write x = J2 m >o f > m{x). Then 
by orthogonality we get 

£m{x*x) = £ £ M {V m {x)*V m {x)) > £ M {Vd{x)*V d {x)). 

m>Q 

Hence 

WPd{x)\\L°W;e M ) = ^MiVdixyVdix))^^ < \\£ M (x* x)^ = IMIz^A^), 
and (ii) is proved. □ 

In the sequel we will only consider the case of words of length 1, i.e., d = 1. We also introduce 
the space Z p , defined for 1 < p < oo as the completion of Si with respect to the norm 

N 1/ 

||5>IL =(£!M?) P . 

n— p n 

We may naturally define the map 

N N 

^2 a n e Ei ^ ^2 e «<™ ® a « € B(£2 +1 )®Af. 

n=0 n=0 

This map extends to an isometry from Z p to L p (B{i2 +1 )®N), and allows to consider Z p as a 
subspace of L p (B(£2 +1 )®Af). Moreover, this inclusion is complemented. 

Lemma 1.16. — Let 1 < p < oo. Then Z p is 2 -complemented into L p (B{l2 +1 )®N). 

Proof. — We consider the projection Q : L p (B{l2 +1 )®N) -> Z p defined by 

N N 

Q( ^ e n,k®Xn,k} = y^g A „(^«,n) ~ £m (^A„ (x n ,n))- 
n,k—0 n—0 

The contractivity of the conditional expectations in L p yields 

i/p 



n,fc=0 1 n=0 



Q( ~/2 e n,k®Xn,k) = ( ^ \\£A n {x n ,n) ~ £m {^A n {x n ,n)) \\p 

<2(5^||x„, n ||5) P = 2||^e„,„<g)x 



n=0 " n=0 

JV 

< 2|| 2J e„, fe <g> a;n,fe|| Lp ( B( ^+i)®AA)- 



The last inequality comes from the boundedness of the diagonal projection in L p (B(£ 2 )®Af). □ 



16 



MARIUS JUNGE & MATHILDE PERRIN 



We now recall the Rosenthal/ Voiculescu type inequality in the amalgamated free product case 
proved in |25j . We present these inequalities as they are stated in |24| for d = 1 and 2 < p < oo, 
and extend them by duality to the case 1 < p < 2. 

Theorem 1.17. — Let ao,ai ■ ■ ■ , ajv S Lp(*M^n)- Then the following equivalence of norms holds 
with relevant constants independent of p or N . 

o 

i) For 2 < p < oo, if a n € L p (A n ) for < n < N then 



E a » L- (E 



1/2 



1/2 



ii) For 1 <p <2, if a n <GA n /or < rt < N then 

N N * , N 

i 1/P 



AT JV ^ AT 1/2 N 

$>„| ~inf(5^K|||) + ||($>M«c n )) J +||(^ 



1/2 



where the infimum is taken over all the dccoTnpositions d n — d n -\- c n + r n with 

Throughout all this paper, we consider a finite von Neumann algebra M equipped with a normal 
faithful normalized trace r and we restrict ourselves to finite martingales on the interval [0, 1]. 



2. The "Hp-spaces 

In this section we study the column Hardy space Hp associated to the continuous filtration 
{■Mt)o<t<i- We start by defining the two candidates Hp and Hp. The crucial monotonicity 
property will imply that these two candidates for the Hardy space in the continuous setting are in 
fact equivalent. In the sequel we will focus on Hp, and embed this space into a regularized version 
of an ultraproduct space, called Kp(U). This larger space satisfies a p-equiintegrability property 
which gives it a structure of L p -module over a finite von Neumann algebra. We then check that 
Hp is an intermediate space between L 2 {M) and L P (M), to ensure that we are well dealing with 
operators. By complementing the continuous Hardy space Hp in K2(l(), we deduce the expected 
duality and interpolation results for 1 < p < oo. We will then describe the associated BMO spaces, 
and establish the analogue of the Fefferman-Stein duality in this setting. The end of this section 
is devoted to the expected interpolation result involving the column spaces HI and BAiO c . 

2.1. The discrete case. — Let us first recall the definitions of the Hardy spaces of noncommu- 
tative martingales in the discrete case and some well-known results. Let (M n )n>o be a discrete 
filtration of M.. Following |39j . we introduce the column and row versions of square functions 
relative to a (finite) martingale x = (x n ) n >o: 



1/2 1/2 

S °( x ) = (E K^l 2 ) and S r (x) - K(*)T) 

n=0 n=0 

where 

dn(x) 



x n — x n -i for n > 1 
xq for n = 

denotes the martingale difference sequence. For 1 < p < oo we define Hp (resp. Hp) as the com- 
pletion of all finite L p -martingales under the norm ||x||^ = ||S c (x)|| p (resp. = \\S r (x)\\ p ). 
The Hardy space of noncommutative martingales is defined by 



Hi, 



HI + H r p for 1 < p < 2 
H°nH r p for 2 < p < oo 



We now recall some known facts on the column Hardy spaces. For 1 < p < oo, H° embeds iso- 
metrically into L p (M; 1%) and the noncommutative Stein inequality (see [39]) implies the following 
complementation result. 
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Proposition 2.1. — Let 1 < p < oo. Then the discrete space Hp is j p - complemented in 
L P (M;£ C 2 ). 

Remark 2.2. — Recall that 

7 P w max(p,p') as p — > 1 or p — > oo, 
where p' denotes the conjugate index of p. 

Since (L p (M; t?))* = L p i{M.\t^) isometrically for ^ + ^7 = 1 and the family of column L p -spaces 
forms an interpolation scale, we deduce the similar duality and interpolation results for H£. 

Corollary 2.3. — Let 1 < p < 00. Then the discrete spaces satisfy 
(1) Let i + i = 1. Then 

\ J V P 

{Hp)* — Hp, with equivalent norms, 
(ii) Let 1 < pi,P2 < 00 and < 9 < 1 be such that | = + TTien 

-ffp = [Hp iy Hp 2 ]0 with equivalent norms. 

In the sequel, we will always denote the conjugate of p by p' . 

For the case p = 1, in |39] Pisicr and Xu described the dual space of iff as a BM O c -space. This 
noncommutative analogue of the Fefferman- Stein duality has been extended by the first author 
and Xu in |27j to the case 1 < p < 2 as follows. Recall that for 1 < p < 00, we say that a 
sequence {x n ) n >Q in L p {Ai) belongs to Lp{M.;t ao ) if (x n ) n >o admits a factorization x n = ay n b 
with a,b £ L 2p {M) and (y n )„ 

>0 ^ *-oo 

(I/oo(7W)). The norm of (.t„)„> is then defined as 

ll(^n)n>0||L p (7W;£ oo ) = inf J I a ll 2p SUp || y„ || || 6|| 2p- 

x n =ay n b „> 

It was proved in |21l 129] that if {x n ) n >o is a positive sequence in L p {A4;£oo), then 
li(a;, l )„>o||L p (7W;f =0 ) = sup I ^ r(x„y n ) : y n € L+,(M), | ^ j/„| ; < l|. 

n>0 n>0 P 

The norm of L p {M.\£ 00 ) will be denoted by || sup+ x n \\ p . We should warn the reader that 
||sup+.T„|| p is just a notation since sup n x n does not take any sense in the noncommutative 
setting. For 2 < p < 00 we define 

L c p MO = {xe L 2 (M) : \\x\\ L c MO < 00}, 

where 

\\x\\l-mo = ||sup + £„|x - 1 1 2 11^/2- 

n>0 

Here we use the convention x-± = 0. For p = 00 we denote this space by BMO c . 

Theorem 2-4 ( |39l I27j ). — Let 1 < p < 2. TTien i/ie discrete spaces satisfy 

{Hp)* = Lp,AIO with equivalent norms. 

Moreover, 

a; 1 ||.t|| L c /MO < Hiii^c). < V2\\x\\ l;i mo, 

where X p remains bounded as p — > 1 . 

Combining Corollary 12.31 (i) with Theorem 12. 4l we obtain 

Proposition 2. 5. — Let 2 < p < 00 . Then the discrete spaces satisfy 

Hp = L c p MO with equivalent norms. 

The Burkholder-Gundy inequalities have been extended to the noncommutative setting by Pisicr 
and Xu in [39] . 
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Theorem 2. 6. — Let 1 < p < oo . Then the discrete spaces satisfy 

L p (A4) = Hp with equivalent norms. 

Moreover, 

a^WxW^ < \\x\\ p < P P \\x\\ Hp - 
Remark 2. 7. — According to I28| and [44] we know that 

ct p ~ {p — as p — > 1 , a p ss p as p — > oo 

ftp « 1 as p — ¥ 1 , j3 p ps p as p — > oo . 

In particular, for p = 1 we have a bounded inclusion C L\{Ai). Throughout this paper we will 
always denote by 7 p ,A p ,a p and /3 P the constants introduced previously. We will also frequently 
use the noncommutative Doob inequality 

||sup + £'„(a)|| p < <5 p ||a|| p for 1 < p < oo, a G L p (A4),a > 0, 

n 

and its dual form 

y^5„(a„) <Oy^aJ forl<p<oo, 

II * — ' p II * — ' lip 

n n 

for any finite sequence (o n )„ of positive elements in L V {M). These inequalities were proved in 
[21] , and we will always denote by 5 P and 8' p respectively the constants involved there. Recall that 
5' p = 5 pi for 1 < p < oo. Moreover, we have 

S p « (p — 1)~ 2 as p — > 1 and 5 p ss 1 as p — > oo. 



We end this collection of results with the interpolation theorem due to Musat in |34) (see also 
for a different proof with better constants). 



Theorem 2. 8. — Let 1 < p < oo . Then the discrete spaces satisfy 
(i) H c = [BAIO c , H?] i with equivalent norms, 
(ii) L„(A4) = [BMO, Hi]i_ with equivalent norms. 

Remark 2.9. — Observe that if we consider a finite filtration (A4 n )^ =0 , then the # p -norm is 
equivalent to the £ p -norm for 1 < p < oo. This comes directly from the triangle inequality in 
L p (M) for 2 < p < oo, and from the fact that || • || p / 2 is a p/2-norm for 1 < p < 2. 

2.2. Definitions of Hp 1 and "H p . — We fix an ultrafiltcr U over the set of all finite partitions of 
the interval [0, 1], denoted by T-WQO, 1]), such that for each finite partition a of [0, 1] the set 

U a = {a' e P fin ([0, 1]) : a C a'} G U. 

Let us point out that in what follows, all considered partitions will be finite. We start by introducing 
a candidate for the bracket [-, ■] in the noncommutative setting. For a £ 'PfmdO, 1]) fixed and x E A4, 
we define the finite bracket 

= ^K(*)I 2 . 

tea- 

1/2 

Observe that || [x, £]<t|| p / 2 = II^H-H^Co-)) where Hp(a) denotes the noncommutative Hardy space 
with respect to the discrete filtration (M. t ) te(J . Hence the noncommutative Burkholder-Gundy 
inequalities recalled in Theorem 12.61 and the Holder inequality imply for each finite partition a and 
x e M 

(21) /V'IMIp ^ < W*h forl<p<2 

\\x\\z < \\[x, - "pII^IIp for 2 < p < oo 

We deduce that for 1 < p < oo, ([x,x] a )' G L p / 2 {Mu). Indeed, we see that the family ([x,x] a ) a 
is uniformly bounded in L p / 2 (M) and in L p / 2 {M.) for any p > max(p, 2) (by a p ||x|| p < a p ||a;||oo)- 
Hence by Lemma [l.7l this means that the associated element in the ultraproduct is in the regularized 
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part. In particular for x S M. and 1 < p < oo, we have ([x, x] a )* £ Lp/ 2 (Mu) f° r an y P > max(p, 2). 
Thus we can apply the conditional expectation £jj to this element and set 

[x,x]u = £u ({[x, %]<?)')■ 

Since this bracket is in Lp/ 2 (M) for any p > max(p, 2), it is also in L p / 2 (A4) and wc may define 

IMI^c = ||[a:,x] w ||^2- 

Note that for any p > max(p, 2), this coincides with the weak- limit in Lp/ 2 (M), and we can write 

\\x\\fi c = ||w-ip / 2-lim[a;,a;] er ||M2- 

P (T,L4 ^ ' 

In particular, for 2 < p < oo we simply have 

1 /2 

[x,x]u = w-L p /2-\im[x : x\„ and = || w-L p/2 - lim[:r, xyi^. 

This definition depends a priori on the choice of the ultrafilter IA, and wc should write || • |^c.«. 
However, we will show in the sequel that in fact this quantity does not depend on U up to equivalent 
norm. Hence for the sake of simplicity we will omit the power U and simply denote || • |j^ c . 

We also introduce the following natural candidate for the norm of the Hardy space in the 
continuous setting. For x £ M. and 1 < p < oo wc define 

Nlttg = lim ll[- T >- T Ulp/2 = lim IWI^(<x)- 

1 /2 

The family (|| [x, x\ a \\ p ^ 2 ) a is uniformly bounded by (|2.1j) . hence the limit with respect to the 
ultrafilter exists. Taking the limit in (|2.1[) we get for i£M 

(22) /^IMIp < IMI« P < Nla forl<p<2 

ll^lh < ll^ll^p ^ Q^IMIp for 2 < p < oo 
This shows that 1 1 ■ 1 1 defines a norm on Ai . As for || ■ || ^ c , the norm || • || depends a priori on the 
choice of the ultrafilter but wc will show that it does not (up to a constant) and hence simply 
denote || • \\-hc. Moreover, the properties of the conditional expectation £u imply the following 
estimates for x e M 

/V'INIp ^ ^ W x \\n % < IMIa forl<p<2 

1Mb < IWI-£c < \\A\ui < a p \\x\\ p for2<p<oo' 

Here for 2 < p < oo we used the contractivity of £u for the L p / 2 -norm, and for 1 < p < 2 we 
need the following well-known result due to Hansen. 

Lemma 2.10. — Let Abe a semifinite von Neumann algebra and T : A — > A be a trace preserving, 
completely positive linear contraction. Let < p < 1. Then 

T(x p ) < {T{x)f and \\x\\ p < \\T(x)\\ p 

for each positive element x G A. 

Then (|2.3|) shows that || ■ ||^ c defines a quasinorm on A4. 

rip 

Definition 2.11. — Let 1 < p < oo. We define the spaces Hp and Hp as the completion of M 
with respect to the (quasi)norm \\ ■ ||^ c and || • ||%c respectively. 

We may check that for x G M. and 1 < p < oo, (x, x)^ c — [x, x]u extends to an L p ^ 2 (A4)-vahied 

inner product on "Hp, which endows "Hp with an L p A^-module structure. Hence Theorem 11.121 
implies that || • ||^ c is a norm for 1 < p < oo. 

Remark 2.12. — Note that thanks to (|2.3p . £ ro ax(p,2) {■M) is dense in Hp and Hp for 1 < p < oo. 
By definition, we deduce from the discrete case the following 



20 



MARIUS JUNGE & MATHILDE PERRIN 



Lemma 2.13. — Let 1 < p < oo. Then Hp is reflexive. 

Proof. — It suffices to observe that the "Hp-norm satisfies the Clarkson inequalities. Then we will 
deduce that Hp is uniformly convex, so reflexive. Note that for each a, the i?p(a)-norm satisfies 
the Clarkson inequalities with relevant constants depending only on p. This comes from the fact 
that the noncommutative L p -spaces do (see |40j ). and recall that for x <E M. we have 



L v (B(l 2 {a))®M) 



t£cr 

Taking the limit over a yields the desired Clarkson inequalities for the Hp-norm. □ 



2.3. Monotonicity and convexity properties. — The crucial observation for the study of 
the spaces H c v and H c v is that the _ffp(cr)-norms verify some monotonicity properties. 

Lemma 2.14- — Let 1 < p < oo and a € T^ndO, 1]). 
(i) Let 1 < p < 2, x £ L 2 {M) and a' D a. Then 

\\x\\h°(*) < P p \\ x \\h$(v')- 

Hence 

\\x\\ H - < sup\\x\\ H a {a) < P p \\x\\u$. 
(j 

(ii) Let 2 < p < oo. Let a 1 , ■ ■ ■ ,a M be partitions contained in a, let (a m )i< m <M be a sequence 
of positive numbers such that ^2 m a m = 1, and let x 1 ,--- ,x M £ L p (Ai). Then for x = 
J2m a m,x m we have 

M 

\x\\ 



1/2 

\ H -{<r) < otp\\ a m [x m ,x m ] 

m—1 



p/2 



In particular for x £ L p (Ai) and a C a' we have 

\\x\\ H -(a') < a p \\x\\ H c {!T) . 

Hence 

Oi^WxWnc < inf WxWh^-j < \\x\\ H °- 

Proof. — Let 1 < p < 2, x £ and a C a'. Applying the noncommutative Burkholdcr- 

Gundy inequalities to 

tea 

in L p (B(£2(a))<S>M) for the finite partition a', we get 

\\y\\L v {B(ti(a))®M) ^ PpWvW Hc(<y>)(B(t 2 (<j))®M)- 

Here we consider the discrete filtration of B(£2{<j))®M. given by (B(£2(o~))®M.t)te<r' ■ Note that 
\\y\\m(*>){B{e 2 (*))®M) = \\J2Y1 ® e *.° ^ ( d t( x )) 



An easy computation gives that for s £ a' , t £ a 



L v {B(l 2 {o'))®B{l 2 (o))®M) 



d a s (x) if f-(cr) < S-(cr') < S < t 

otherwise 



Hence for s £ a 1 fixed, only one term does not vanish in the sum over t £ a and we get 



sGcr' 

The result follows from the fact that \\y\\ Lp{B (i 2 {a))®M) = IMIff£(</>- 



THEORY OF "Hp-SPACES FOR CONTINUOUS FILTRATIONS 



21 



We now consider 2 < p < oo. Let us first assume that the partitions a m are disjoint. Denote a' 
the union of a 1 , ■ ■ ■ , a M . As above, we apply the noncommutative Burkholder-Gundy inequalities 
to 

M 

y= X e *' 00 \[^7ndf{x m ) 

m— 1 t£a m 

in L p (B(l2(<j'))<£)M) for the finite partition a. We get 

\\y\\Hl{a){B(Z 2 (a'))®M) - a p\\ V\\ L p (B{t 2 (<j'))®M) • 

On the one hand, since the partitions a m are disjoint we have 

1/2 
p/2 



M jyj M 

\y\\L p (B(t 2 (a'))®M) = I X Z a ™l d * ( a;m )| 2 /2 = I X] 
m=lf£cr m P/ m=l 



L p (B(f 2 (o-))®B(£ 2 (cr'))'»X) 



On the other hand, 

M 

\\y\\H°(<T)(B{t 2 (o>))®M) = ||X X X e s , ®e ti o® Va^<K crm (a; m )) 

Again, for s £ a and me {1, • • • , Af} fixed, since o~ m C ct, only one term does not vanish in the 
sum over t £ er m , and it is equal to d°(x m ). Hence 

M 



1/2 

\y\\H°{<T){B{l 2 (a'))®M) = || X] X "mMs ( a;m )| 2 

sEff m— 1 



p/2 



By the operator convexity of | ■ | we obtain 



■ I | M 2 1/2 

INI-W = || X | X a ™<( a;m ) , ^ a pllyllfl|(«r)(B(/ a (a'))®.M)' 
sSct m=l P ' 

which yields the required inequality. In the general case, when the partitions are not disjoint, 
the result still holds by approximation, thanks to the fact that the filtration is right continuous. 
Indeed, if there exists a common point t which is both in a m and a n (for n ^ m), then we can 
replace t by t + e in a m (for e small enough) , which does not change the considered norms when 
passing to the limit as e — s- 0. □ 

This monotonicity property immediately implies the following crucial result, mentioned previ- 
ously. 

Theorem 2.15. — For 1 < p < oo the space Hp is independent of the choice of the ultrafilter U, 
up to equivalent norm. 

2.4. Hp — Hp. — In this subsection we show that the two candidates Hp and Hp introduced 
previously for the Hardy space of noncommutative martingales with respect to the continuous 
filtration (Mt)o<t<i actually coincide. In particular we will deduce that, up to an equivalent 
constant, these spaces do not depend on the choice of the ultrafilter U. 

Theorem 2.16. — Let 1 < p < oo. Then 

Hp — Hp with equivalent norms. 

Theorem 12.151 yields immediately 

Corollary 2.17. — For 1 < p < oo the space Hp is independent of the choice of the ultrafilter U, 
up to equivalent norm. 

The case 2 < p < oo is an easy consequence of the convexity property proved in Lemma 12.141 
as detailed below. 
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Proof of Theorem \2. 1 61 for 2 < p < oo. — It suffices to show that the 'Hp-norm and the "Hp-norm 
are equivalent on M. Let x <G M, by (|2.3p we have ||x||.c c < |N|"H°- Now assume that ||a;||# c = 

"p p tip 

1 /2 

|| [x, %]u\\ p /2 < 1- Since the two spaces coincide with L2CM) for p = 2, we consider 2 < p < oo. 
In that case we have [x,x]^ = w-L p i2-\vaia,u\. x i x \a- We can r ^ nc ^ a sequence of positive numbers 
( a m)m=i sucrl that a m = 1 and finite partitions a 1 , ■ ■ ■ ,a M satisfying 



m 

[3>: X\ a ' 



rn—l 



< l. 

p/2 



Applying Lemma T2. 141 (ii) to cr = U m er m we get 

IM|ff°(<r) < a p . 

Then 

< ot p \\x\\ Hi{a) < a 2 p 



□ 



For 1 < p < 2, it is more complicated to explicit the bracket [x,x]w- This is why we will use a 
dual approach. The trick is to embed T-L p into a larger ultraproduct space defined as follows. Let 
us fix q > 2. We define the set 



T = VUM) xp fin ([0,l]) x 



where Pfin(.M) denotes the set of all finite families in A4. Then I is a partially ordered set by the 
natural order. We define an ultrafilter V on I as follows. For G £ Vfin(-M) we define 

S G = {Fe V Rn (M) : G C F} 
and consider the filter base on Vdni-M) 

T={S G :G£V Rn (L q (M))}. 
On we consider the filter base given by 

W = {}0,5] :6>0}. 

Then the product V' = T x U x W is a. filter base on I, and we consider V an ultrafilter on I 
refining V'. Let us now fix an clement i = (F,ai,e) € I. For each x £ F, the Burkholdcr-Gundy 
inequalities applied to each a for q > 2 yields that the family ([x, x\ a ) a is uniformly bounded in 
L q /2{AA). Since L q / 2 (M) is reflexive, the weak-limit exists and 

[x,x]u = w-L q / 2 -]im[x, x] a . 

(7,14 

The same holds for the finite family F, i.e., the family ([x, x] a ) x ^F is uniformly bounded in 
Lq/2{M) ffi ••• ffi L q /2{M), By rcflcxivity, the weak-limit exists and can be approximated by 
convex combinations in L 9 / 2 ~ norm - Hence we can find a sequence of positive numbers (am(z))m=i 
such that a m (i) = 1 and finite partitions o~j, ■ ■ ■ , crf 1 ^ satisfying for all x £ F 



< e. 

q/2 



M(i) 

(2.4) [x,x]u - ^2 a. m (i)[x,x] a m 

m—1 

We may assume in addition that o~i is contained in <r™ for all m. We consider the Hilbert space 
"Hj = Um tecr m M) equipped with the norm 

( M{1) • 2 \ x / 2 

||(^m,,t)l<m<M(i),te<rT"||w j = f X] ^" 

m—1 i£er™ 
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For 1 < p < oo and i 6 I we consider the column space L p (A4;W(). Recall that for any sequence 
(£m,t)i<m<j\/(i),te CTl m in L p (M) we have 

H M(i) ll/ M(i) \ 1/2 

"m=lte<r™ L v (M;Ul) "V^ ^ ' 

Then for 1 < p < oo we have 

{L v (M]Uf))* = L pl {M]Uf) isometrically, 

via the duality bracket 

M(i) 

{i\v)L p (M;Wr),L v ,(M:,H'i) = E E ^('KKm^m.t)- 

Lemma 2.18. — Le£ 1 < p < 2. TTiera H p embeds isometrically into Y[y L p (M.]T-l1). 

Proof. — By density it suffices to consider an element x £ M.. We associate x with x = (x(i))' £ 
Y[y L p (A4;Hf) defined as follows. For each index i = (F, ai,e) € 1 such that x £ F we set 

M(i) 

and x(£) = otherwise. Then we claim that 

(2-5) \\x\\l\ v l p (mmi) = l ™\\®(. i )\\L 1 ,{M-,Ui) = \\[x,x]u\\ P % = W x Wh p - 

Indeed, for S > 0, we observe that for i = (F, <Xj, e) such that x € F and e p / 2 < 5 we have by the 



triangle inequality applied to the norm 



xAuf p %- ¥{i)\\ v Lv{Mm) 



|P/2 
lp/2 



and 



[x, x\ u 



|P/2 
lp/2 



|P/2 
lp/2 



M(i) 



m—1 

M(i) 



tea" 



P/2 
p/2 



< 



< 



^ a™ («)[«, a;] o- : 

P/2 



m—1 



p/2 
P/2 



M(i) 

[x,x] U ~ ^ a m(i)[x,x](rV» 
m—1 
Af(») 

[x,a;] M - 2J ot m (i)[x,x] a rn 



P/2 
P/2 

g/2 



< e" /2 < 5. 

This means that 

% } x P fln ([0, 1]) x]0, 5 2 'v] c {i e 1 : 1 1| [s, *]„ ||$ - ||x(i) ||£ p(MiWf) | < <5}- 

Since by construction, the set SV^i x "Pfi n ([0, 1]) x]0, <5 2 / p ] £ 7" x W x W is in the ultrafilter V, we 
deduce that the set in the right hand side is also in V for all S > 0. Thus by the definition of the 
limit with respect to an ultrafilter we get 



P/2 
2' 



This concludes the proof of (|2.5I) and shows that the map x £ M. i-» x extends to an isometric 



embedding of H p into fJv LpiM;^). 

This embedding will be useful to describe the dual space of Hp. 



□ 
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Lemma 2.19. — Let 1 < p < 2. Then 

(n c p y c (u;r. 

Proof. — Let tp G ('Hp)* be a functional of norm less than one. By Lemma T2.18I and the Hahn- 
Banach Theorem we can extend tp to a linear functional on FJy L p (M; T-Lf) of norm less than one, 
also denoted by <p. Lemma fOl implies that <p is the weak*-limit of elements £\ in the unit ball of 
Y\ v (L p (M;'Hi))* = Yiv L P >{M.]'HI). For each A, we will prove that there exists z\ G L 2 (M) such 
that 

(6Jx) = r(zlx),yx G M and ||z A ||( K o). < fc p , 

where a; denotes the element in FJ V L p (Ai; T-Lf) corresponding to x via the embedding given by 
Lemma \2. 181 Then we will set z = w-L-2-\im\ z\ and get an element z G Z^CM) such that 

tp(x) = \im(£\\x) — limr(z^a;) = t(z*x),Vx G M. and ||z||(%c). < k p . 

Finally we will conclude the proof using the density of Ai in H p . 

We now consider an element £ = (£(i))* G Yiv L p > (.Mj'H?) of norm less than one, with 

M(i) 

m— 1 tG(7 m 

Fix i = (F,cr ?; ,e) G I and 1 < m < M(i). Then £ m (i) := J^tea™ e mfi ® e t ,o <8 £m,t(i) € 
V(jW;^(<7T")). We set 

z m{i) = dt (fm(i))> 

where = £t(£ m («)) - £t-(aj»)(£m(«)) for t > and d£* (f m (£)) = £o(Cm(*))- Note that 

since the partition cr™ is finite, we have z m (i) G L p i(A4). Then we consider 

z(i) = Ya m (i)z rn (i) G L p ,(M). 
tn 

We first show that ||z(i)llL c ,A/o(o-') < k p for a' { = aj U ■ ■ ■ U '. Let s G cr-. Then for m fixed, 
we denote by t m (s) the unique element in cr™ satisfying t m (s)~{o-™) < s _ (ct-) < s < t m (s). The 
operator convexity of the square function | • | 2 yields 

I 2 

£ s \z{i) - £ s - { ^ ) (z(i))\ 2 = £ s \y^a m {i)(z m (i) - £ s -(^)(z m (i))) 
(2.6) rn 

< 22a m (i)£ s \z rn (i) - £ s - (a , i )(z m (i))\ 2 . 
m 

On the other hand we can write 

£s\z m {i) ~ £s-(a' i ){z m {i))\ 2 

= £>( ( Z ™(*))| 2 + l £ tm(s)(^m(i)) - f S -K)(2m(«))| 2 ) 

*>t m (s),*6cr," 1 

= £>( X] (WW)I 2 + l^(»)Km,t„( 5 )(«)) " ^-(^)((™,t m (»)(«))| 2 ) 

t>t m (s),t£a^ 1 

<4£ s ( 5] l£m,t(0l a ) +2f s |C m ,t m (,)W| 2 +2£: s - ((T0 |^ tm ( s )W| 2 
t>t m (s) ,tea m 



<4£ s ( ]T \U,t(i)\ 3 )+&s-w( E iwwi 



tGcr" 1 tGcr 



Then ([H]) gives 

f s |zW-f s - (<) (z( Z ))| 2 <4£ s ( E a m(iMm,t(i)\ 2 ) +2£s-( E «m(*)IU,t(*)| S 
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By the noncommutative Doob inequality we obtain 



\\ z( S)\\ 2 L-,MO(<y>) = ||sup + £ s |;z(£) -£ s -(„r)(z(i))\ 2 \\p,/ 2 



< 4 



sea 'i m,te<r™ 
- 6 V/2 ^2 a ™MI£m,t(*)l 



p'/2 



SUp + £ s - (( ^)( ^2 a m(«)|£m,t(«)| : 

a CI sr 1 \ 



p'/2 



p'/2 



6V/2||C(0llL,(M;W?)- 



Hence 
(2.7) 



1/2 



In particular, we see that the family is uniformly bounded in /^(-M). We set 

z = W-L2- lim^y z(i). By the density of L2(M) in Hp 1 we have 

INI (Kg)* = su p l T (^*y)l- 

x€L 2 (M),\\x\\ n c<l 

Then for a; G L 2 {M), \\x\\ H c < 1, Lemma l2~T4l and (|2.7p imply 

|r(z*a:)| < lim |r(z(i)*x)| < \/21im ||z(i)||z,e MO{ _/) ||x|| jj^') 

< *>/28)f*Mx\\ n < 3V2Sl!J 2 p p . 

Hence we get |N|(«£)* < k p with k p = 3y/2S^JJ 2 /3 p . Finally it remains to check that for all x e M, 
z satisfies 

( 2 - 8 ) (^)Uv L pl (M;Hi),Tl v L P (M-Ml) = T ( z * x )- 

We first verify that for each i = (F,<Ti,e) El such that x £ F we have 

(Z(i)\x(i))L p ,(M;Wr),L p (M-M1) = T{z{i)*x). 

For each m we have 

r(z m (i)*x)= r(df(U(i)Tx) = r(df(U(i)Tdf(x)) = £ T(U,t(i)*df(x)). 



t£cr" 



tea" 



tea" 



Then 



M(i) M(i) 

r(z(i)*x) = ^ OL m {i)T(z m (i)*x) = ^ ^ a m (i)T^ myt (i)*dl' (x)) = (£(i)\x(i)). 

m— 1 m—1 tea 1 " 

By the construction of the ultrafiltcr V this is sufficient to show that the limits along V coincide, 
and Q2.8JI follows. This concludes the proof of the Lemma. □ 

Proof of Theorem \2.16\ for 1 < p < 2. — By density, it suffices to prove the equivalence of the 
norms on M. This follows from (|2.3p . and we prove the reverse inequality by duality by using 
Lemma HTU □ 

In the sequel, we will use the definition of H p to transfer the results from the discrete case to 
the continuous setting. Indeed, this construction seems more natural for taking the limit in the 
classical results. 



2.5. Ultraproduct spaces and L p -modules. — In this subsection we introduce the ultraprod- 
uct of the column L p -spaces and its regularized version, into which we will isometrically embed the 
Hardy space Wi. We will equip these ultraproduct spaces with some L p -module structure. 
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Definition 2.20. — Let 1 < p < oo. We define 

KjAU) = Il u L p (M;£ c 2 (a)) and K c p (U) = K c p {U) ■ e u , 

where ■ denotes the right modular action of Aiu on K p {lA). 
For p = oo we set 

K^U) = l[ u L^M; and K^U) = K^U) ■ e u , 

where the strong operator topology is taken in the von Neumann algebra generated by \\ u B(l2(o~))<SiAi, 
and coincides with the topology arising from the seminorms 

||e!|, = limr(7 ?CT ^^(t)| 2 ) 1/2 , forn^i^Y e{Mu)t ={\{ u L l {M)) + . 

tea 

The right .Mtr module structure of K p {U) is given for x — (x a )' € Yl u M and £ = (£, a )* £ K p (U) 

by 

£ ■ X = (i a ■ X a )'. 

It is easy to see that this docs not depend on the chosen representing families. Moreover, by 
Proposition 5.2 of |26j . this module action extends naturally from \\u M to Mu- Similarly, for 
£ = (^a) m ,V = (Va) m € Kp{U) we consider the componentwise bracket 

(f'»?>K«(M) = ((&>Va) Lp (M;q(a)))' = Ca(*)*T?a(*)) G ]J L p/2(M) S L p/2 (M U ), 

" tea u 

where £ CT = Ytea e tfi ® £,a(t),r] a = Ytea e tfi ® 'faCO G ^(-^5 ^K "))- This defines an L p/2 (Mu)- 
valued inner product which generates the norm of K p (U) and is compatible with the module action. 
Hence K p (U) is a right L p .M^-module for 1 < p < oo. In the sequel, the regularized spaces will 
be crucial tools to study T-L p . We may equip K p (U) with an L p -module structure over the finite 
von Neumann Aiu thanks to the following observation. 

Lemma 2.21. — Let 1 < p < oo. Let £ € K^iU). Then the following assertions are equivalent. 

(i) g g k;{u) ; 

(H) (€,Ok£(u) e L p/2{M u ); 
Proof. — By (jl.ip . it suffices to show that for £ £ Kp(JA) we have 

This comes from Definition 11.91 and the fact that eu is a central projection. Indeed, we can write 

£ = £ • e u i ■ (1 - e u ) = 

^(e-(l-e M ),e-(l-e M ))^ (M) =0 

□ 

Lemma T2 . 2 1 1 implies that K p (U) is an L p .M^-modulc. Moreover, the family 
(ifp(ZY))i< p <oo forms a projective system of L p .M^-modulcs. Indeed, for 1 < p < q < oo we may 
consider the contractive ultraproduct of the componentwise inclusion maps l q>p : K^(U) — > K p (lA). 
By modularity, this map preserves the regularized spaces, i.e., I q . p : K^iU) — > K p (U). Then we 
observe that the assumptions (i)-(iii) of Corollary 11.131 are satisfied. In particular, we deduce that 
the map L q p is injective on K°(Vt). Hence for 1 < p < q < oo we may identify K^(Li) with 
a subspace of K p (U). We can prove the density assumption (iv) of Corollary 11.131 by using the 
p-equiintegr ability as follows. 
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Lemma 2.22. — Let 1 < p < oo. Then K^U) is dense in KS,(U). 

Proof. — Let £ <G K p (U), then Lemma 12.211 yields that (£,£)k c (u) G L p / 2 (Mu)- Combining 
Theorem 11.61 with Lemma 1*1. 5 1 we deduce that 

(2-9) lim \\(t,t) K cMH(t,t)K°M > T)\\ L [Mu) = 0. 

1 — >O0 v v 

We set T) T = t- H(S,$k$<M) < T )- Then 

{vt,Vt)ko( U ) = (Z,0k°(u)H(!;,0k S (u) <T)e M u , 
and r]T £ K^iU). Moreover, by (|2.9[) we have 

U - Vt\\kc { u) = U- m,0K S{ u) > T)\\ K c m 

= ll<€-i(«,0x 5 (w)>r),€.i(^,0jfc (M) >T)) w ||^ 
= \\(Z,OkzmH(Z,Qk s w) > r)||$ T -^° o. 

This ends the proof of the Lemma. □ 

Since is finite, we deduce duality and interpolation results from Corollary II .141 

Corollary 2.23. — Let 1 < p < oo. Then 
(i) {K c p {U)Y =Kp(U) isometrically. 

(ii) Let l<pi<p<P2<oo and < 9 < 1 be such that — = + — . TTien 

^(W) = [i^ (U), K c p2 {U)] e isometrically. 



(in) K c p {U) = {j p>p Ip, p {K c ~{U)) 

Proof. — The assertions (i) and (ii) follow directly from Corollary 11.141 For (iii), let p > p and 
£ € I P:P (K~(U)). There exists r\ £ K~(U) such that £ = Ip iP (r]). Then by Lemma H~7l we have 

(£>£)i?i(w) = hA^^K^u)) e !pA L m( M u)) c l p /2(m u ), 

and Lemma [2.211 yields £ £ K p (U). Conversely, let £ £ K p (U). Then by Lemma [2.221 we can 
approximate £ in A'p(W)-norm by an element r/ £ K^ihi), which is in I p ^ p {K~(U)) for all p > p. 
This concludes the proof of the Corollary. □ 

The finiteness of M.jj also implies the following useful result. 

Lemma 2.24. — Let 1 < p < oo and £ £ K£(U). Then 

U\\ke(u) = lim UWmu)- 

p v / q_ > p q v J 

Proof. — For £ £ K p (U), we have (£,£)k£(u) € L p / 2 (M.u) by Lemma [2.211 Since is finite we 
may write 

U\\ko( U ) = \\(^0Kr pi u)\\L* 2{Mu) = lim Il(^0^(w)lli g / 2 (X U ) = J™ H^IIW- 
We may isometrically embed "Hp into K p (U) for every 1 < p < oo via the map 

i-.n^ k;{u) 

defined for x £ M. by 

(2.10) t(x) = et,o®df (*))". 

tGcr 

Indeed, for a; £ there exists p > p such that 

(t(x), t (x))^ (w) = (^K(:r)| 2 ) £ I p/2 , p/2 (L p/2 (M u ))- 

tea 



□ 
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Then (i(x), i(^))jfc( W ) € L p / 2 (Mu) by Lemma 11.71 which ensures that o(x) G Kp(U) by Lemma 
[2T2T1 Observe that Lemma E23 still holds true for the H% -norm. 

Lemma 2.25. — Let 1 < p < oo and TTien 

||x|| W c = lim \\x\\ H a 

Proof. — For x € M, l(x) <E K p (U) and by Lemma \2. 241 we can write 

\\ x \\hi = \V{x)\\ K o, u) = lim ||i(x)|| K c (u) = lim ||x||^- 

□ 

2.6. Injectivity results. — In this subsection we check that the Hardy spaces defined above 
are well intermediate spaces between L 2 (M.) and L p {M.) as expected. The inequalities ()2.2|) allow 
to define by density natural bounded maps from Hp to i m in(p.2)(-^) for 1 < p < oo. Since it is 
not clear a priori, we need to prove that these maps are injective. 

Proposition 2.26. — Let 1 < p < oo. Then 

^max(p,2)(-^) C Hp C £ m in(p,2) CM), 

i.e., Hp embeds into L min ( p 2 ) (A4). 

We first prove the following direct consequence of the monotonicity property. 

Lemma 2.27. — Let 1 < p < 2. Then the space {x £ L p (A4) : ||a;||^<! < oo} is complete with 
respect to the norm \\ ■ \\h^- 

Proof. — The argument we will use to prove the completeness of the space {x € L p (A4) : \\x\\ue < 
oo} relics on the fact that the discrete Hp(o~) -norms are increasing in a (up to a constant) for 
1 < p < 2, and on the completeness of the discrete spaces Hp(a). Let (x n ) n >i C {x <G L p (M) : 
||x||-hc < oo} be a Cauchy sequence with respect to || • \\u c p - Recall that for x e {x £ L p (M) : 
\\x\\-uc < oo} we have < /3 p ||x||«c. Then we deduce that (x n ) n >i is also a Cauchy sequence in 
L p (M). Hence (x„) rl >i converges in L p (M.) to an element x <G L p (A4). Since for a finite partition 
(j, the norms || ■ \\ p and || • || iy=(cr) are equivalent, the convergence is in H p (o~) for each a. It remains 
to prove that the convergence is also with respect to the 'Hp-norm, and then we will conclude that 
x G {x G L p (M) : ||x||%e < oo}. Fix e > 0. By the Cauchy property with respect to the H p -norm, 
there exists no G N such that for all n > uq, 

lim \\x m - x n \\ n c < e. 

m—>oo p 

For a fixed partition cr, since x„ — > x in H p (a) we have 

\\x - x n \\ H c M = lim \\x m - x n \\ H c M < (3 p lim \\x m - x n \\u° < e. 

Note that here no does not depend on the partition a, hence taking the limit in a we obtain the 
required convergence in "Hp-norm. □ 

Proof of Provosition \2.26} — For 1 < p < 2, by Lemma 12.271 and density we can isometrically 
embed H p into {x G L p (M) : ||x||-%<= < oo}, which is clearly a subspace of L p (M). Hence the 
natural map which sends H p to L p (M) is injective. For 2 < p < oo, the injectivity of Hp into 
L 2 {M) directly comes from the L p -module structure of the spaces Kp{U) introduced in subsection 
12.51 Indeed, if 2 < p < oo, this structure implies the injectivity of the map ■ KpiU) — > K^iU). 
Hence the following commuting diagram yields the required injectivity result: 

Hp ^H c 2 = L 2 {M) 

r\ p 
i t. 

khu) < Ip ' 2 > Km 
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□ 

2.7. Complementation results. — The aim of this subsection is to obtain the analoguous 
results of Proposition 12.11 and Corollary 12.31 in the continuous setting. Here the space K^iU) will 
play the role of the space L^M.;^ in the discrete case. 

Proposition 2.28. — Let 1 < p < oo. Then Hp is complemented in KS(L(). 

Proof. — We first describe the projection T> : K^iU) — > Hp for an element 

te<r 

For each a we set 

t£cr 

where df(£ CT (t)) = £(&(<)) - (&■(*)) for < t G a and d& (&(<)) = £<)(&■(*)). Since 

K^iU) C K^ipt), we have x CT G 1*2 and ||x CT ||2 = \\£<t\\ L 2 (M:i%(<j)) is uniformly bounded. Hence 
we can consider the weak- limit in L2(M) of the Xo-'s and we set 

= ly-^-hmXo-. 

We will show that this construction defines well an element 2?(£) € with \\V (^)\\n^ < Ml £11 

for 1 < p < oo. Then we will conclude by density (see Lemma T2.22p that Hp is complemented in 

k;(u). 

Let £ G K^fU) be such that ||£||if£(w) — li m <7,« ||£o-||l p (.M;^(<t)) < 1- We may assume that 
IICo-||l p (a^;£5(ct)) < 1 f° r au 17 ■ Let 1 < p < 2 and fix a finite partition cro- In this case we clearly 
have 2?(£) G -^(-M) C Hp. By Lemma 12.141 and the noncommutative Stein inequality in the 
discrete case (Proposition 12. ip . for oo C a we have 

II^II^Co-o ) < P P \\z<t\\h°(<t) < 7pPpMcr\\L p (M;tZ(*)) < IpPp- 

We see that (x a ) a ^, ao is uniformly bounded in Hp(o~o), and we deduce that the weak-limit of the 
Xo-'s (for a D do) exists in Hp(ao). This weak-limit coincides with the weak-limit in L2, i.e., 

V(t;) = w-H c p (a Q )- lim x a . 

Then we can write 

\\V(0\\h^ ) < lim ||x CT || H o (CTo) < 7p/3 p . 
Since this holds true for every partition 00, taking the limit we obtain 

WOWh* <7 P 0pU\\K S (uy 
Let 2 < p < 00. Lemma \2 . 141 and Proposition 12.11 imply that for each cr, 

IWUg < a p \\x a \\ H c {(j} < 7 P ap||C<7|U P (Mi/5(cr)) < lp a P- 

Hence the family (x a ) a is uniformly bounded in Hp. The reflexivity of Hp (Lemma I2.13P yields 
that the weak-limit of the x CT 's exists in Hp. Since Hp embeds into L2{M.) by Proposition ^. 26| we 
deduce that these two weak-limits coincide, i.e., 

£>(£) = w-Hl-\imx a G Hi. 

Then we can write 

< Hm II^Hwc < lpap\\i\\ K}[u) . 

(7,14 v 

This concludes the proof. □ 

This complementation result allows to transfer the duality and interpolation results proved for 
Kp{U) in Corollary |2.23l to the spaces Hp. 

Corollary 2.29. — Let 1 < p < 00. 
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(i) Then 

(Hp)* = Hpi with equivalent norms. 

(ii) Let 1 < pi , r>i < oo and < 9 < 1 be such that - = + — . Then 

Hp = [Hp-LjHpzle with equivalent norms. 

A direct approach of the duality between Hp and Hp 1 ,, by simply using the discrete duality, 
yields instead the following duality result. 

Lemma 2.30. — Let 1 < p < 2. Then 

(Hp,)* = {x G L p (M) : 1 1 x 1 1 jjc < oo} with equivalent norms. 

Proof. — Let x G {x G L p (.M) : ||a;||-Ho < oo} and y G .M. For a fixed partition a, the Holder 
inequality implies 

\T(x* y )\ = \j2TK(xyd°(y))\ < ||(£K(*)i 2 ) 1/2 | ||(EK(y)i 2 ) 1/2 || , 

tea tea P tea p 

= MH^a)\\y\\ H ;,(a)- 

Passing to the limit yields 

\r(x*y)\ < \\x\\uc\\y\\up- 
Since M is dense in Hp,, this shows that x G (Hp,)* and 

\\x\\(n;,y < N««. 

Conversely, let ip G be of norm less than one. Since L p ,(M.) is dense in Hp,, <p is represented 

by an element x G L p (A4) such that tp(y) = r(x*y) for all y G Lp<(.M). It remains to show that 
||a;||^c < oo. For a fixed partition a, by C or pilar v 1 2 . 3 1 and the density of L p ,(A4) in H^,(a), we get 

IMI/f=(<x) < V2-y p \\x\\ {H c Alj)r = y/2-jp sup \T(x*y)\. 

veL p >(M),\\v\\a°(*)<l 

For y <E L P '(M) with ||y||H c M < 1 we have 

\r(x*y)\ = \ip(y)\ < \\y\\u°, < Up>\\y\\ H c , a) < ay. 

p' r p' v ' 

Hence we get 

\\x\\u- < V2-ypap>\\x\\(H* p ,y, 
and deduce that x G {x G L p (M) : ||a;||% < oo}. □ 

Hence, combining Lemma f2 . 301 with assertion (i) of Corollary 12.291 we obtain 

Corollary 2.31. — Let 1 < p < 2. Then H c p = {x G L p (M) : \\x\\ n c < oo}. 

Remark 2.32. — We have to be careful when considering the duality bracket between Hp and 
Hp. Indeed, we can not always write it explicitly. For 1 < p < oo and x G H c v ,y G Hp,, we can 
write 

{x\y)n^np = r(x*y) 

when either x G L max ( p 2)(Ai) or y G L max ^p, 2 )(M). We first suppose that x G £ m ax(p,2)(-M) and 
V G imax( P ',2)(-W)- Then 



tScr tea 

liu i J2r(dUx)*d^(y))=limT(x*y) 

a.U L — ' a,U 

tea 

r(x*y). 



THEORY OF "Hp-SPACES FOR CONTINUOUS FILTRATIONS 



31 



We now consider x £ L max ( p 2)(M) and y = %p,-lim n y„ with y n £ H^i, the other case being 
similar. Then 

(%\y)nz, u--, = lim(a;|y n W w = limr(x*y„). 

Since C L min ( p i 2 )(M), the sequence (y n )„ also converges in £ m i n (p'.2) to y and we get 
(x\y)-H},np = r(x*y). 

2.8. Fefferman- Stein duality. — In this subsection we establish the analogue of the Fcffcrman- 
Stcin duality in the continuous setting. The difficulty here is to find the right description of the 
spaces LpMO to get the expected duality. 

Definition 2.33. - (i) Let 2 < p < oo. We define L p MO as the space of all elements x £ 
L 2 (M) of the form x = w-L 2 -\m\ a ^x a with lim CT) w ||£,t||l c moO) ^ 00 ■ ^ e eau W L p MO 
with the norm 

\\z\\lcmo = inflim \\x a \\ L c M o(<j), 

where the infimum is taken over all the descriptions x = w-L2-Van (T ij x a . 
(ii) We define the space BM.O c as the space whose closed unit ball is given by the absolute convex 
set 

II - H2 

Bbmc = {x = w-L 2 -\imx a : lim \\x c \\ B moc(ct) < 1} 

We equip BAiO c with the norm 

\\x\\bmO" = inf{C > : x £ CB B mo c }- 

Lemma 2.34- — The spaces L c p M.O for 2 < p < 00 and BAiO c are Banach spaces. 

To prove that BM.O a is complete we will need the following general fact. 

Lemma 2.35. — Let X be a Banach space and B be an absolutely convex subset of X satisfying 
(i) B is continuously embedded into the unit ball of X, i.e., there exists D > such that 

B C DB X ; 

(ii) B is closed with respect to the norm \\ ■ \\x- 
Then the space Y whose unit ball is B, equipped with the norm 

\\x\\ Y = inf{C > : x £ CB} 

is a Banach space. 

Proof. — It is a well-known fact that || • \\y defines a norm. Let ^2 n x n >i be an absolutely 
converging series in (Y, | • \\y). We may assume that ||a; n ||y < ^ for all n > 1. We want to show 
that this series converges in Y. We first remark that the series ^ n x n is absolutely converging, 
and hence converging, in X. Then there exists x £ X such that x = ^ n x n , where the convergence 
is with respect to || • \\x- Thus 

N N 

x n x in X and x n £ B. 

n—l n—1 

Indeed, we have 



N N N ] 

^2 Xn \\ Y - wi y - E2 



n— 1 n—l n—l 

Using (ii), this shows that x £ B. It remains to see that the convergence also holds for the norm 
|| • ||y. Let e > 0. Let iV be such that 2^° > e _1 . We claim that for all M > N > N 

M N 
" n=l 



M N 

- ( Xn - Xn ) e B 
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Indeed, we have 

M ^ M , M 



\\VN,m\\y = \\ E <\ E IM^<7 E 4<^V<i< L 



Moreover, for N > No fixed we have 



y _ ^ „ .ML _ ^ ^ - - £2No 

n=N+l n =N+l n= N+l 



1 / N 



Vn.m — > - ( x - x n ) in X. 

n=l 



TV 

Hence (ii) yields that ^^x — a;„J £ B, i.e. 



A 



ViJ <e for all N > Nn. 



n=l 



. vo- 
ir 



This proves that the series converges with respect to || • |y and ends the proof. □ 

Proof of Lemma \2.34\ — We start with the case p = oo. We apply Lemma [2.351 to X = L 2 (A4) 
and B = Bbmo c - Then by the definition of Bj3mo c i it is clear that the condition (ii) of Lemma 
12.351 is satisfied. Moreover, since for x <G L 2 (A4) and each a we have ||x||2 < V / 2||^||bmo c (<t) , the 
condition (i) holds for D = \/2. Hence the construction of the space BMO c defines a Banach 
space. 

For 2 < p < oo, we observe that L c p M.O is the range of the bounded map 

U u L c p MO(a) — ► L 2 (M) 
(x a y i — > w-L 2 - lim ffiW x a 

Indeed, since for each a we have ||a; CT ||2 < ^/^\\ x a\\L r v MO(a)^ the family (x a ) a is uniformly bounded 
in L 2 and hence the weak-limit in L 2 exists. Moreover, it is easily checked that the map </> is 
well-defined, i.e., if (x a ) m = (y a )' G Yiu LpMO(cr), then w-L 2 - lim^tf x c = w-L 2 -\iva a _uyo- Since 
Y\ u LpMO(cr) is a Banach space, the boundedncss of <f> implies that L c v M.O — (f>([\ u LpMO(a)) 
equipped with the quotient norm 

\\x\\ H MO = a= ^ CT) . } WM'WUu HMO{a) 

is a Banach space. □ 

We can now state the continuous analogue of the noncommuativc Feffcrman-Stcin duality. 
Theorem 2.36. — Let 1 < p < 2. Then 

(Hp)* = Lp,AdO with equivalent norms. 

Moreover, 

^WxWl^mo < \\x\\(ui)* < V2\\x\\l<= ,mo- 

Proof. — We first prove the inclusion L c ,MO C (Hp)* for 1 < p < 2. We consider a; € L p ,7VlC> 
with ||a;||L c A4C < 1- Then there exists a sequence (x a ) a such that liing.^ 1 1 ^o- |j i° Aiota) < 1 and 
a; = w-L 2 - lim,^ x a . Hence for y G M. we have r(x*y) = lim^ ^ r(x*y). Recall that the discrete 
Fefferman-Stein duality for a fixed partition <r implies 

\r{x* a y)\ < V2\\x a \\ L c /MO((T) \\y\\ H c( a) . 

Taking the limit we get 

k(x*y)\ < V^limdlx^Hic MO((T) ||2/|| ff c ((T) ) = v^(lim \\x a \\ L , MO((T) )(lim \\y\\ Hi (a)) < V2\\y\\ H c 

Since M. is dense in Hp, this shows that x e (Hp)* and 

INI(tt£)« < >/2||x||l«,a<o. 
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The proof of this inclusion in the case p = 1 is similar. Indeed, let x £ Bjsmo c - Then there exists a 
sequence (x x )\ such that x = L2-\va\\x x and x x = w-L^- lim,^ x x , with lim^ H^Hsa-io^o-) < 1 
for all A. For y £ M. we have 

\r(x*y)\ = \limr((x x )*y)\ < v^lim(lim ||^|| BMO e (a) )(lim < V2\\y\\ m . 

A A c,6i er,6f 

We deduce that BMO c C (HI)* by density as above. 

To prove the converse inclusion, we first embed Hp into an ultraproduct space as follows. Note 
that the map iu ■ x £ M n- (x)' e IIw-^l^ ') ^ s isometric with respect to the norms j| ■ \\w p and 
|| • 1 1 n M Hence by the density of M. in Hp we can extend iu to an isometric embedding of 

Hp into n u Hp(cr). Let € {Hp)* be a functional of norm less than one. By the Hahn-Banach 
Theorem we can extend tp to a functional on \\ u Hp(a) of norm less than one. We now need to 
consider the dual space of an ultraproduct. Recall that the situation is much easier in the reflexive 
case (see subsection 11.2)1 . hence we start with the case 1 < p < 2. In this situation Y\uHp(a) is 
reflexive, and Lemma \l . 2 1 gives 

(ILW)* - Ii u ( H »r = U u L C p,MO(a), 

where the constants in the equivalence of the norms come from the discrete case (see Theorem l2.4|) . 
Then there exists z = (z a )' £ \\ u L p ,MO(a) of norm < X p such that 

<p(v) = (*Mv)), VyeHp. 

Applying this to y £ M. we get 

f(y) = (z\(y)') = lirnr(z^) = r(x*y), 

where x = W-L2- hm CTj ^ z a is in Lp 1 , M.O. By the density of M. in Hp this proves that ip is represented 
by x and 

\\x\\L",MO < limH^lUc ,MO{a) < W\x\\ 

p a,U p p 

For p = l, Lemma [O] says that the unit ball of IIw(-^T ( <T ))* — Ylu O c (a) is weak*-dense in the 
unit ball of (J\ u H{(a))* . Then there exists a sequence (z x )\, where z x = (z x )' £ ]\ u BMO c {a) 
is of norm less than for all A, such that 

cp(y) = lim(z x \i u (y)), Vy £ H\. 

Applying this to y £ M. we get 

V {y) = lim(z A |(y)') = \im\im r((z x )*y) = limr(( 2 ; A )*y), 

A A er,£-f A 

where x x = w-L2-\im a ,u z x is in BAiO c of norm less than s/3. Since for all A we have 
ll zA Hn«i2(A4) < v / 2||^ A ||n M BMO-(a) < the sequence (x A ) A is uniformly bounded in L 2 (M). 
Setting x = W--L2- lim A x A we obtain <p{y) = r{x*y) for all y £ AL We can approximate the 
weak-limit x by convex combinations of the x A 's in the X2-norm. Since x x £ \fiBjsMO" f° r A, 
the convexity of the unit ball of BA4(D C implies that any convex combination J2 m 

OLifYi X IS still 

in V3Bbmo c ■ Thus by the definition of Bqmc^ we obtain that x £ VSB^mqo . By the density 
of M in Hi this proves that ip is represented by x and 

\\x\\bmo" < V3\\x\\(HD*- 

□ 

This duality implies the following property. 

Corollary 2.37. — Let 2 < p < 00. Let (x\)\ be a sequence in L2(M) such that \\x\\\l^mo < 1 
for all A and x = w-L2-lim\X\. Then x £ L p MO with \\x\\l c -mo < V^Ap. 
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Proof. — Using Theorem 12.361 and the density of Lz(M) in H p ,, we can write 

\\x\\l-mo < A p sup \r(x*y)\. 

yeL 2 (M),\\y\\ u c<l 

P 

Note that for all y € L 2 {M), ||y||^ c < 1 we have 

p' 

\i~(x*y)\ < limsup|r(^y)| < v^limsup ||a;A||i g Me>||y|U , < V2. 

x x p P 

Thus x € L° p MO with Mic^o < V2X P . □ 

Combining Theorem 12.361 with Corollary 12.291 (i) we immediately get the 

Corollary 2.38. — Let 2 < p < oo. Then 

L p AiO = Hp with equivalent norms. 

Remark 2.39. — In particular, we deduce the following properties for LpMO, 2 < p < oo: 

(i) LpAiO is independent of the choice of the ultrafilter U, up to equivalent norm. 

(ii) L p {M) is norm dense in LpMO. 

(iii) For x G L p (M), 

\\x\\lsmo = lim IMUjAfO - lim||a;|| L c MO((T) 
p q^p q <y,U p 

for every ultrafilter hi. In particular, up to equivalent norms, L c p AAO is the completion of 
L p (A4) with respect to the norm linio.^ || • \\l c p mo(<j)- 

(iv) The || • ||^c A / (- cr )-norm is decreasing in a (up to a constant). 

Note that for (iii), if x € L p (A4) the fact that ||a;|| z,=A40 — IMIwg combined with Lemma [2.251 
ensures that lim g _i.p ||x||z, c .mo exists. Since for 2 < q < p < r we have ||a;||z,ejKo < ||^c|| i^TV^io < 
||^||l=A40i sending q and r to p we obtain that the limit is in fact equal to ||x||L£A4e>- 

Concerning the case p = oo, we can also deduce some nice properties for BM.O c from Theorem 
l2~36l 

Corollary 2.40. - (i) BM.O c is independent of the choice of the ultrafilter U , up to equivalent 
norm. 

(ii) M is weak* -dense in BMO c . 

(iii) For x £ M. 

\\x\\bmo" - sup \\x\\ L o M o < lim||x|| BMO c (CT) 

2<p<oo "M 

for every ultrafilter U . 

(iv) The || ■ \\BMO c (a)~ norm * s decreasing in a (up to a constant). 
More precisely, for x G M. and a C a' we have 

\\x\\bmo°((t') < 2||o;|| S a/o c ((t)- 

Proof. — Assertions (i) and (ii) follow directly from Theorem 12 .361 and Theorem 12. 151 Proposition 
12.261 respectively. For x G M. and 2 < p < oo, Corollary 12.371 gives ||a;||L c jvie> < v^ApljxIlexoc. 
Conversely, by the density of M. in H± we have 

\\x\\bmo' < V3\\x\\ {H cy = y/3 sup \r(x*y)\. 

yeM,\\y\\ H o<i 

Let e > 0. By Lemma [2.251 for each y <E M.,\\y\\<nf < 1 there exists 1 < p(y) < 2 such that 
IMIw; (s) < 1 + £■ Applying Theorem [535] to ^ + = 1 we get 

\r(x*y)\<V2\\x\\ L o MO \\y\\ n a <y/2(l+e) sup \\x\\ LlM o- 

Sending e to 0, we obtain 

(v^Ap)" 1 sup HxIIlc^c < ||x|| S 7no c < Vo sup \\x\\ L c M0 . 

2<p<oo 2<p<oo 
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Then by Remark 12.391 (iii) we deduce 
\\x\\bmo" 



sup \\x\\ Li MO- sup lim||x|| L c MO((T) 

2<p<oo 2<p<oo a -U 



< lim||a;|| SMO c ((T) . 



Finally, (iv) comes from the reversed monotonicity result for the -fff (cr)-norms by duality. But 
this approach yields a constant ^/l2, which can be improved by a direct proof that we include 
below. Let x G M. and a C a' . Fix u G a', there exists a unique element s(u) G c, satisfying 
s(u)~(a) < u~(o~') < u < s(u). Observe that for b G B(l2{u))®M we have by contractivity of the 
conditional expectation 

\\£u\b - £ u - (a0 (6)| 2 || oo < 2(\\8 u \b\ 2 \\ 00 + \\eu\£u-(„>)( b )\ 2 Wo°) ^ 4||£ u (£ s( „ ) |6| 2 )|| co <4||£ s(u) |6| 2 || 0O . 
Applying this to 

b= E e s , ®<(i)6B(4M)®M 

we get 



\\£ u \b - £ u - ^>){b)\ 2 \\ Bm<j)WM = E \ d v'(b)\ 



<M\£s(u)\b\ 



2 



B(1 2 {<J))®M 



= 4 



s£<j,s>s(u) 



otonoui 
<'(&) 



Recall that 

d°'(x) if s-(cr) <v-(a') < v < s 
otherwise 
Note that s(-) is monotonous, i.e., for u,v G tr' , v > u implies s(v) > s(it). Hence 

£ e s , ®< (<C0&)) = e s ( v ), O ^ (a;), 
and 



*«( E K'( ft )i : 



At the end we showed that for each u G a 7 , 



S(£ 2 (a-))®A^ 



M E 



||^k-£„- (CT0 (x)| 2 ||^ 2 <2||x|| BMO c ((T) , 
which yields the required result by taking the supremum over m G <t'. 



□ 



We end this subsection with the following characterization of the Lp.MO-spaces. Observe that 
this characterization also holds true for p — oo, hence this allows us to consider the spaces L^AiO 
and BM.O c in a similar way. 

Proposition 2.4-1- — Let 2 < p < oo. Then the unit ball of ULM.O is equivalent to 



B P = {x G L 2 (M) : lim||x|| L c MO((7) < 1} 

a.U v 



Proof. — For p = oo, it is obvious that Boo C Pbmo c - For 2 < p < oo, Corollary 12.371 implies 
that Bp C \/2\pB l^mo ■ Conversely, let x G Bl c p mo for 2 < p < oo. It suffices to consider x = 
w-L2-Xm\ (J ,ux a withlim ajW \\x a \\ L c M0 ^ < 1. Lets > 0. We may assume that \\x a \\ L a M0 ^ < 1+s 
for each a. For a fixed partition cr', since the LpMO(<r)-norms are decreasing we have 

lim||av|| L c MO(a) < k p \\x a .\\ LlMO ia') <k p (l + s). 

<7,L4 

Moreover, the family {x a ) a is uniformly bounded in L2(M). Then x is the limit in L2-norm of 
convex combinations of the x CT 's. Let y = ^ m a m x a m be such a convex combination, then 

lim IMI l=mo(<x) <y2a m lim\\x am \\ L a MO{(j) <k p {l+e). 



Sending e to we get x G k p B p . 



□ 
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2.9. Interpolation. — We end the study of the Hp spaces with the continuous analogue of the 
interpolation Theorem 12.81 (i). We will deal with the complex method of interpolation, and we 
refer to [3J for informations on interpolation. This interpolation result has already been used in 
the literature and is particularly important in abstract semigroup theory. 

Theorem 2-4.2. — Let 1 < p < oo. Then 

Ht. — [BMO c ,H1]i with equivalent norms. 

Proof. — By definition BMO c C L 2 (M) C H\, hence the couple [BMO c , Hf\ is compatible. 
Recall that Hp embeds isometrically into Kp(U) via the map i defined by (|2.10[) for 1 < p < oo, 
and this inclusion is complemented for 1 < p < oo by Proposition 12.281 Then the fact that the 
spaces Kp(U) form an interpolation scale for 1 < p < oo (by Corollarv l2.23l (ii)) clearly implies the 
inclusion 

(2.11) [H c v L 2 (M)] e cH c p 
for 1 < p < 2 and | = 1 — | . Conversely, we will prove that 

(2.12) [BMO°, L 2 (M)] 2 / P C Hp with equivalent norms for 2 < p < oo. 
In fact, we will first show that 

(2.13) [BMO , L 2 (M)] 2 / P C Hp with equivalent norms for 2 < p < oo, 
where 



BMO ={xeL 2 (M) : NI M = =lim\\x\\ BMO c {a) < oo}" " BMO = M" . 
Then we will use the following fact from [3J. 

Fact 2.43. — Let Aq,Ai be a compatible couple such that A$ fl A\ is dense in Aq and A\. Let 
Aq be such that B-^ = Ba ^ Aa+Al . Then for any < 6 < 1 we have 

[Ao,Ai]g = [j4o,j4i]e isometrically. 

We will apply this fact to A = BMO \ A X =L 2 {M), and (f2~T2j) will follow from (f2~T3|) . Indeed, 
BjCw n L 2 (M) D M is clearly dense in BM)" and in L 2 (M). Moreover, A = BMO c with 
equivalent norm. More precisely, we have 

(2.14) ^ IN|! CWC2B^ IH|2 . 

■11-112 p ^ r / a .< \ n 11 ^rrll-lh 



Indeed, since Bgj^c 2 = {x <S L 2 (A^) : \\ x \\g]^Q a < 1} 1 the first inclusion of (|2.14[) is obvious 
by the definition of BMO c . Conversely, if x — w-L 2 -\\m a _u x a with lim CT) ^ ||scr||sj\fO c (cr) < 1 ( we 
may assume that Uxo-H sa/o=(ct) < 1 for every a), then for all e > we can find a convex combination 
x e = X^m ™ 2 - "" e ^(-M) such that \\x — x e \\ 2 < e. By Corollary 12.401 for a D U m cr m we may 
write 

\\x e \\BMO"(<j) < ^ Qiro 1 1 X<x m 1 1 BMO c (a) < 2 ^ Qjm||^cr m ||bMO°(o-"») < 2. 



Then H^ellgT^g, < 2 and x e 2-Bg^g,<=" " 2 , which proves the second inclusion of (|2.14j) . It remains 

to prove (|2.13j) . Observe that we have an isometric embedding in : BMO — > Yin BMO c (a) given 
by iu(x) = (x)* for x <E M. This map satisfies <fi o %u{x) = x for all x € M, where <f> is defined by 

U u BMO c (a) — > L a (M) 

(x CT )* i — ► w-L 2 - lim<j,w a; CT 
Let x € M be such that IIxIL^tt^ r < 1. Then there exists an analytic function f G 

11 "[BMO ,L 2 (M)] 2 / V — J J 

T(BMO C ,L 2 (M)) such that x = /(|) and 

II/II^hmS'^m)) = max i™p HWIIhms-' ll/a < i- 
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By setting g = in o /, since iu is also isometric from £,2 CM) to \\ u Z^-M), we get a function g G 
^(Yljj BMO c (<t),Y\ u L2(M)) of norm < 1 such that iu{%) = #(§)■ Hence by using ultraproduct 
techniques and the discrete case we may write 

G [U u BM ° C ^'Ilu L2 ^] Vp C Y[J BM ° C ^^ L ^ M ^/p = H U L P M0(°), 

with ||«w(2 ; )|ln M i c A/o(cr) < Cp- Recall that in the proof of Lemma l2.34l we have seen that L p AiO = 
(j)(H u L c p MO{a)\ hence x = <f> o i u (x) G L c p MO = H c p by Corollary Moreover we obtain 

\\x\\n° \\4>°iu(x)\\L°MO < \Vu{x)\\ nuLi MO(a) < C v\\ X \\ { BMb\ L2{M)h/p - 

By density this shows (|2.13|) and ends the proof of (|2.12[) . By duality, since /^(-M) is reflexive and 
{UD* = BMO c by TheorcmH^i by combining (gXQ) and ([2~T2l we obtain that [HI, L 2 {M)] e = 
Tip with equivalent norms for 1 < p < 2 and i = 1 — | . Finally, by using the reiteration theorem, 
Wolff's theorem, duality and Corollary |2 . 291 (ii) . we conclude the proof with the usual interpolation 
techniques. □ 



3. Burkholder-Gundy inequalities 

The aim of this section is to establish the analogue of the noncommutative Burkholder-Gundy 
inequalities in the continuous setting. The theory developed previously for the column spaces still 
holds true for the row spaces. Indeed, by considering the adjoint we may define the row Hardy 
space Hp and obtain the analoguous results. By Proposition ^. 261 we can naturally define the Hardy 
space for continuous filtrations H p as follows. 

Definition 3.1. — Let 1 < p < oo. We define 

f %1+Hl for Kp<2 

p \ n c p nn r p for 2 < P <oo ' 

where the sum is taken in L p (M) and the intersection in L2(Ai). 

Observe that for 2 < p < oo, by applying the noncommutative Burkholder-Gundy inequalities 
in the discrete case for each partition a and taking the limit in a we immediately obtain 

||x|| p ~ max(||x|| W c, \\x\\ H r) for x G L p (M). 

This means that 

L p (M) = L p (M) Hn * nnrp for2<p<oo. 

However this result is too weak, we would like to prove that L p (M.) = T-L p n T~L p for 2 < p < oo. 
To obtain this stronger result, we use a dual approach and first consider the case 1 < p < 2. The 
discrete noncommutative Burkholder-Gundy inequalities (Theorem 12. 6p applied to each partition 
and the monotonicity Lemma 12.141 immediately imply the required Burkholder-Gundy inequalities 
in the continuous setting, as detailed in subsection 13.11 However, this result won't be sufficient 
to apply the classical duality argument and get the continuous analogue of the noncommutative 
Burkholder-Gundy inequalities for 2 < p < oo. We will need a stronger decomposition introduced 
by Randrianantoanina and recalled in subsection 13.21 which will be formalized in subsection 13 . 31 by 
defining another construction for the sum of Banach spaces. After extending Randrianantoanina's 
result for 1 < p < 2 to the continuous setting, we will be able to deduce by duality the continuous 
analogue of the noncommutative Burkholder-Gundy inequalities for 2 < p < oo. We then discuss 
the case p = 1, and establish a Fcfferman- Stein duality result for T-L\. We end this section with the 
expected interpolation result involving our spaces 1-Li and BM.O. 
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3.1. Burkholder-Gundy inequalities for 1 < p < 2. — We may obtain the Burkholdcr- 
Gundy inequalities for 1 < p < 2 by a direct approach, as we will detail below. Indeed, the proof 
presented here only uses the discrete Burkholder-Gundy inequalities and the crucial monotonicity 
property proved in Lemma [2.141 Let us first state the result in this case. 

Theorem 3.2. — Let \ < p < 2. Then 

L p (Ai) — H p — Hp + Hp with equivalent norms. 

Proof. — The inclusion H p C L P (M) is obvious, and for x £ H p we have ||x|| p < /3 p ||x||^ p . Now 
let x £ Lp(Ai). Then by the discrete Burkholder-Gundy inequalities, for each a we may decompose 
x = a a + b a where a a £ if p (o"), b a £ Hp (a) and 

IKII-ffj(o-) + \K\\h; 

Moreover, for each a we have 



< a p ||x|| p . 



||a<r|| p < /3 P |ja CT ||// p ( (T ) < (3p\\a a \\Hc(cr) < P P a P \\x\\ p . 

Hence the family {a a ) a is uniformly bounded in L p (AA), and since 1 < p < 2 the weak-limit of the 
a CT 's exists in L p . The same holds for (b a ), and we set 

a = w-L v - lim a a and b = w-L„- lim b a . 

a.U a.U 

Then x = a + b. It remains to prove that a £ Hp and b £ Hp. Recall that by Corollary [5311 since 
a £ L p (M) it suffices to estimate ||a||«j = lim^ |M|_ff£(<r) and = hnv,w ffj(er). Fix e > 

and a finite partition rr of [0, 1]. We can find positive numbers (a m )^ =1 verifying J2 m a ™ = 1 an d 
partitions a 1 , ■ ■ ■ , a M containing a such that 

M 



(3.1) 



E 



a - > a m a a r, 

m—l 



< s and 



M 

E 



< e. 



On the one hand, note that for y £ L p (Ai) we have 



(3.2) 

Indeed, we may write 



\\v\\m(o)<2W\ 1/p \\v\\p- 



ISr 5W = ||El d ?(»)l ! 



tea 



p/2 
p/2 



<Em^(y)i 2 ii"/2 = Eii<(y)iip 



tea 



tea 



tScr 



Taking the adjoint we obtain 
(3.3) 

Then combining (|3.ip with 



||V|| W < 2H^||y|| p . 

and (|3.3|) we get 



(3.4) 



a 



Hg(<r) 



< 2M 1/p £ and 



E "m^" 



m—l p m—l 

On the other hand, since cr C cr m for all to, Lemma T2 . 1 41 yields 

M M 



H-(a) 



< 2\a\ 1/p e. 



^ ^ (%mOo 



m—l 

M 



(3.5) 



< E( a " i ii a<Tm ii ff ^ CT ) + n^iifl'fw) 

m—l 

A/ 

< /3p E a "i{\\aa^\\H- p (a^) + \\K™\\h£(<t™)) < P p a p \\x\\ p . 
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Finally by ([3~3)l and ((53)) we get 



< 



\H\hc(ct) + \\b\\ H ;(a 
M 

a - ^ a m acr- 

m— 1 
1/P C 



A/ 



M 



& -E 



m—1 



M 
m— 1 



<4 cr 



/3 p a p ||a; 



Sending e to we obtain ||a|| + HHI-ff^c) < /^p^pIMIp f° r a U Taking the limit over a we get 

□ 



Recalling that {Hp)* = Hp/ by Corollary 12.291 (i), we would like to deduce, as usual, the 
Burkholder-Gundy inequalities for 2 < p' < oo by duality from the case 1 < p < 2. However, 
as detailed in Remark 12.321 the duality bracket between Hp and Hp is not always explicit. At 
one point we will need that the elements in the decomposition L p (Ai) = Hp + Hp lie in L 2 (./Vf) 
when x G L 2 (.M). This is why we need a stronger result due to Randrianantoanina in the discrete 
setting. 

3.2. Randrianantoanina's result in the discrete case. — Let (A^ ra )n>o be a discrete filtra- 
tion. In [44] . Randrianantoanina gives another proof of the Burkholder-Gundy inequalities based 
on weak-type (1, 1) estimates. This approach yields a better decomposition at the L 2 -level in the 
sense of the following Theorem. 

Theorem 3.3. — Let 1 < p < 2 and x G L 2 (.M). Then there exist a,b £ L 2 (.M) such that 
(i) x = a + b, 

(ii) \\a\\ H c + \\b\\ H r < C(p)\\x\\ P! 
(in) max{||a|| 2 , ||&|| 2 } < f(p, \\x\\ p , \\x\\ 2 ). 
Here C(p) < C{p - l)" 1 as p 1. 

Proof. — We derive the estimate of the L 2 -norms (iii) from Randrianantoanina's construction. 
The main tool is the real interpolation, more precisely the J-method, to deduce this decomposition 
from a weak type (1, l)-inequality. We refer to [3] for details on interpolation. Let x G L 2 (.M) and 
1 < p < 2. Let < 6 < 1 be such that ± = l-0+§ . We know that L p (M) = [Li{M),L 2 {M)]e,p-j, 
hence we may write 



(3.6) 

where 
(3.7) 



E u - 



(^(2-^max{|| U , y || 1 ,2^|| U , y || 2 })f) 1/P <C( P )|| a ;|| iD 



We claim that we may in addition suppose that 

(3.8) £|M| 2 </(p,IMI p ,IM| 2 ). 

For each i/€Zwe set 

e v = t{n^{x) < \x\ < /i 4 .-i(.x)), 

where for t > 0, Ht(x) denote the generalized singular numbers of x. We refer to [lOj for details 
on these generalized numbers. Since — > \\x\\ as t — > and Ht(%) — > as t — > 00, we see that 
X^ez e v = S (M); where s(\x\) denotes the support projection of x. Hence we can write 



(3.9) 



^ xe v . 
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Let us first show that the sequence u v = xe v satisfy (|3.7p with C(p) = ( ) . Note that by the 



i/p 

definition of /U*(x) we have for all ^ 

(3.10) r{e v ) < t(1(jhu(x) < \x\)) < A v . 

On the other hand, since fit(x) is decreasing we have 

Ml = / Mt(z) P <*t = E / M*(*) P * 

> ^(4-i - 4"- 2 ) / . 4 „- 1 (*)*' ^Si"- 2 ^-:^)". 

The inequality ()3.10p gives 

H^e^lli = t(\x\1(iiv>{x) < \x\ < /i 4 „-i(x))) < /i 4 ^-i(x)r(e !/ ) < fi^-i (x)4". 
Using p(2 — 0) = 2 we get 

yGZ i^GZ ^GZ 

The I/2-norm can be estimated by 

lla^Ha = t(|x| 2 1(/i 4 ,(x) < \x\ < ^-i(x))) 1/2 < (x)r(e,,) 1 / 2 < i i A ,-i{x)2 v , 

hence 

i/ez ^ez 



Let us now consider Vq € Z. Then, to obtain (|3.8|) . we replace decomposition (|3.9|) by 

v>v 

where e„ = e v for v > v$ and e Vo = $3„<„ e " = l(^4"o(x) < |x|). For a good choice of v$, we can 



show that this decomposition still satisfy (|3.7|) with C(p) = ( -tt ) . Note that 



i/p 

2-^Wxe^h = 2- v " e \\xt(^ (x) < \x\)\\! < 2-»<> e \\x\\ 2 T(t(^ (x) < \x\))^ 2 < 2«*( 1 - fl )||x|| s 
and 

2^ 1 -V\\xe„ \\ 2 <2^ 1 -V\\x\\ 2 . 
We can find v^, = v$(p, \\x\\ p , \\xW2) such that 

2- (1 - 9) ||x|| 2 < \\x\\ p * uo < (1 - 9)-' In (I) In 

We then obtain 

z \i/p / 1 Q\ i/p 

( £ (2^ m ax{|j^|| 1 ,2H|^|| 2 })^) < ( y ) ||z|| p . 

The inequality (|3.8|) follows from the Holder inequality 

E H^Ha ^ ( E( 2 " (1 " 9) ll^ll2) P ) 1/P ( E l- v[l - e)p ') 1 ' P ' < /(P.NUMW, 

where 

2-fo(i-f) /19\i/p 
/(P. IMIp, Halls) = (1 _ 2 -(i-9)p')i/p' (y) 

Now we apply Randrianantoanina's decomposition to the sequence (u^)^ satisfying p.6[) , (|3.7p and 
()3.8[) . For each v € Z, by Theorem 3.1 of I44| . we may find an absolute constant if > and two 
martingales = (a„) n and = (b„) n such that 
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and 



\\dcS v) \\ L2{ M^ 2 ) + \\db^\\ L2{M . A) < 2\\u v \\ 2 , 



(]TK(a M )| : 



1/2 



n>0 



Ei^ 



H*|2 



1/2 



n>0 



Recall that ||x||i i00 = sup t>0 t/it(x). Then we set 

a = E aM and b = ^6^, 

and obtain two martingales a and 6 with x — a + fe. Using the following interpolation result of 
noncommutative L p -spaces associated to a semifinite von Neumann algebra Af 



L p (Af) = [L hoo {Af),L 2 {Af)} e>p .,j, 



and (|3.7p we can show that 



|(EW a )i : 



1/2 



"n>0 P 



It remains to prove the I/2-estimate (iii). This comes from (|3.8[) as follows 

||a|| a < E H aM !l2 = E H^llMA^i) < 2 E IMU ^ 2 /(^ INI* ll^lla)- 



i/ez 



The estimate for b is similar. 



□ 



3.3. Sums of Banach spaces. — In this subsection we introduce a notation to formalize the 
notion of "decomposition at the L2-level" mentioned previously. To do this, we discuss two com- 
peting constructions of the sum of Banach spaces in a general case. Let X and Y be two Banach 
spaces both embedded into a Banach space A\, i.e., the inclusion maps X C A\ and Y C A\ arc 
continuous and injective. In interpolation theory one considers the sum 

X + Y = {z e Ax :3x e X 7 y eY such that z = x + y} 

equipped with the norm 

\\z\\ x +y= inf \\x\\ x + \\y\\Y. 

z—x+y 

The second method we will consider depends on a fourth space Aq, which is also injectively em- 
bedded into A\. We assume that 



(3.11) 

For z G A we set 



Aq n X is dense in X and Aq is dense in Y. 



\\z\\xs Ao y= inf \\x\\ x + \\y\\Y. 

x€A nX, 

yeA 

We clearly have 

(3.12) \\4x+y<\\z\\xbi Ao y for zeA , 

and || • ||xeHa y defines a norm on Aq. We define the Ao-sum 

xm Ao Y 

as the completion of Aq with respect to the norm || • ||xeu y- In our context we will always consider 
Aq = L 2 (A4), and simply denote X EH Y. Let us state the following basic fact. 

Lemma 3.4- — Let Aq,X,Y, A\ be four Banach spaces as above. Then there exists a surjective 
quotient map q : X BiY — > X + Y . 
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Proof. — By (|3.12j) we can consider the contractive map q : X BY — > X + Y defined by q(z) = z 
for z € Aq. Let us show that q is a quotient map. Let z € X + Y be of norm < 1. We can find 
x € X and y £ Y such that z — x + y and ||x||x = A, ||y||y = [i with A + \x < 1. Since Ao n X is 
dense in X, we can find a sequence (x n ) n in Aq (~\ X such that the series is absolutely converging 
and 

X>n||*<A+ 1 ~ ( * + A ° , x = ^x n mX. 

n n 

Similarly, there exists a sequence {y n )n in such that the series is absolutely converging and 

En M ^ 1 - ( A + A*) • 
||j/ re ||y</H ^ . y = 2^y^ inY - 

n n 

Then z n = x n + y„ £ X EH Y for all n, and 

^2 \\ Z n\\xmY < ^2 W Xn W X + llVnlW < 1 + < L 

n n 

Hence the series (z n ) n is absolutely converging in X EB F and we have 

n 

This ends the proof. □ 

The two sums coincide in the following cases. 

Lemma 3. 5. — Let Aq , X, Y, A\ be jour Banach spaces as above. Then the following assertions 
are equivalent. 

(i) X + Y = X EH y with equivalent norms; 
(ii) X + Y = X EH y isometricaUy; 
(Hi) X EB Y embeds injectively into A\. 

Proof. — By Lemma 13. 4[ we see that the two sums coincide with equivalent norms if and only 
if they coincide isometricaUy if and only if the quotient map q is injective. Let us consider the 
following commuting diagram 

XBY — q —^X + Y . 




A l 

It is clear that q is injective if and only if / is injective. This proves the Lemma. □ 

Remark 3.6. — These two sums may be seen as quotient of Banach spaces. Indeed, on the one 
hand X + Y is isometricaUy isomorphic to the quotient space X (Bi Y/L, where 

L = ker <f> = {(x, -x) £ X ©i Y : x £ X n Y} 

and 

' X®iY ^ Ai 
(x,y) i — > x + y 

On the other hand, X EB Y is isometricaUy isomorphic to the completion of the quotient 

((A nX)® l A )/L , 

where 

L = ker(0| (j4o nx) ei Ao) = L n ((A n X) ©j A ) = {(x, -x) £ X ffij Y : x £ A n X}. 
The density assumption (|3.II[) then implies that 



(3.13) X EB Y = ({A n X) 9i ^4o)/io = -X" ffii y/i - 
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Hence we can write 

X + Y = X EH F L = Lo~ -<=>• L is dense in L +> A n X is dense inlfiy. 

As mentioned previously, the introduction of this EE-sum is motivated by some dual arguments. 
It is well known that the dual of the usual sum X + Y is X* n Y* whenever X n Y is dense in X and 
y, but this is not true in general. In some cases, the dual space of X EB Y is easier to describe than 
the dual space of the usual sum X + Y. More precisely, the dual spaces of these two constructions 
are described in the following Lemma. 

Lemma 3.7. — Let Aq,X,Y an d A\ be such that Ao n X is dense in X, Aq is dense in Y and 
X, Y embed into A\ . Then 

(i) (X + Y)* ={(x*,y*) £X*® 00 Y* : afc ny = yf xny }. 
(it) (X EE Y)* = {(x*,y*) e X* ®oo Y* : x^ Aonx = y; AonX }. 

Proof. — Since X + Y = X®i Y/L, we deduce that {X + Y)* = L 1 - C (X ©i Y)* = X* 0^ Y* 
and we obtain (i). By (|3.13[) we can write (X EB Y)* = (i>o) = Lq and (ii) follows. □ 

Remark 3. 8. — Observe that the definition of the sum X EEU Y only relies on the space Aq and 
not on A\. In fact, we do not need that X and Y are embedded into a common space A\ to define 
X EH J 4 Y. However, in that situation we cannot define the usual sum X + Y . 

Theorem 13.31 can be reformulated by using the EB-sum as follows. 

Corollary 3.9. — Letl<p<2. Then 

L p (M) = Hp EB Hp with equivalent norms. 

Proof. — In this application we consider Aq = L2{Ai),X = Hp,Y = Hp and A\ = L p (M.). The 
density assumption p. lip is clearly satisfied. By the density of L 2 (M), it suffices to see that the 
norm || • || p is equivalent to the norm || • ||ijcHHj defined for x G L2{A4) by 

\\x\\mmm = inf ||o|| H . + ||6|| H; . 

p p x—a-\-b, v p 

a,beL 2 (M) 

Theorem 13.31 means that 

Nlfljfflfl; < C{P)\M P for x e L 2 (M), 
and Theorem 12.61 gives the reverse inequality 

\\x\\ p < P P \\x\\ H c +H r < Pp\\x\\ H c mH r. 

□ 

3.4. Burkholder-Gundy inequalities for 2 < p < oo. — As mentioned previously, we need a 
stronger version of the Burkholder-Gundy inequalities for 1 < p < 2 stated in Theorem 13.21 before 
proving the case 2 < p < oo by duality. We may extend Randrianantoanina's result recalled in 
Theorem 13.31 to the continuous setting as follows. 

Proposition 3.10. — Let 1 < p < 2 and x <G L2CM). Then there exist a,b <S L2CM) such that 
(i) x = a + b. 

(n) \\4n } + \\b\\nr<C(p)\\x\\ p , 
(Hi) max{||a|| 2 , \\b\\ 2 } < f(p, \\x\\ p , \\x\\ 2 ). 

Here C(p) < C(p - l)" 1 as p -> 1. 
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Proof. — The proof is similar to that of Theorem 13.21 In this case, for each a we apply Theorem 
13.31 to the discrete Hardy spaces Hp (a) and HZ,{a). We obtain a decomposition x — a a + b a with 

\\aa\\H-(a) + IIMff;(<x) < c (p)\\ x \\p an d max{||a CT || 2 , ||6 CT || 2 } < f(p, \\x\\ p , \\x\\ 2 ). 

Hence the families {a a ) a and (b a ) a are uniformly bounded in L 2 , and we can consider 

a = W-L2- limocr and b = w-L2-]ixnb a . 

a.U <J,U 

We obtain x = a + b where a, b £ L 2 (A4) satisfy (hi). The proof of the estimate (ii) is even simpler 
than in the proof of Theorem 13.21 We use the fact that for y £ L 2 (A4), \\y\\H c [<T) < H2/II2 and the 
result follows similarly. □ 

Corollary 3.11. — Let 1 < p < 2. Then 

H p = Hp EH Hp isometrically. 

Proof. — In terms of EH-sum, Proposition 13 . 101 means that 

Lp(Ai) = Hp EH Hp with equivalent norms. 

Here we consider A = L 2 {M) 7 X = Hp,Y = Hp and A\ = L p (M). Moreover, we know by 
Theorem [3~2l that 

L p (A4) = Hp = Hp + Hp with equivalent norms. 

We deduce that Hp + Hp = Hp EH Hp with equivalent norms, hence the two sums coincide isomet- 
rically by Lemma 13.51 □ 

We can now apply the duality argument to get the remaining case 2 < p < 00. 

Theorem 3.12. — Let 2 < p < 00. Then 

L p (Ai) = Hp = Hp H Hp with equivalent norms. 

Proof. — In this case the non-obvious inclusion is H p C L p (A4). We detail the argument to 
highlight the need of the decomposition in L 2 (A4). Let y € H p = Hp n Hp C L 2 (Ai) and 
x € L 2 (J\4) be such that ||ar|| p / < 1. By Proposition I3.10| there exist a,b £ L 2 (M.) such that 
x = a + b and 

IMIw, + \\b\\n% <C(p'). 
p p 

Then r(y*x) = r(y*a) + r(y*b). Moreover, since y £ Hp and a £ L 2 (M.) we can write by Corollary 
l2~29l (T) and Remark[2l32] 

\ T {y* a )\ = \{v\ a )\ < c(p)l|ylk=l|a||^, < c^Hyll^llall^,- 

The same estimate holds true for b and we get 

\r(y*x)\ < c(p)\\y\\n p (\M^, + \\b\\^,) < C(p')c(p)\\y\\ Hp \\x\\ p ,. 
By density of L 2 (M) in L p >{M) we deduce 

\\y\\ P <C(p>)c(p)\\y\\u p . 

□ 

Remark 3.13. — Observe that in this proof, the fact that the decomposition x = a + b is in L 2 
is crucial. Indeed, if a and b do not lie in L 2 (Ai), then the quantities r(y*a) and r(y*b) may not 
exist, and the duality argument does not work. 
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3.5. The space Hi. — We end this section with a discussion on the case p = 1. Inspired by 
Lemma T2.251 we define for x E M 

\\x\\ Hl = lim \\x\\ Hp . 

Since the "Hp-norm is decreasing in p, the limit is in fact an infimum, which exists for (||x||% ) p >i 
is then a decreasing family bounded by below. Moreover, the inequalities 

ft^Hi < Mm < IM| 2 

ensure that this defines a norm on M. 

Definition 3.14- — We define the space Hi as the completion of M with respect to the norm 

By approximation we can extend Corollary 13.111 to the case p = 1. 
Proposition 3.15. — We have 

Hi = H\ EH Hi isometrically. 

Proof. — In this application we consider Aq = L 2 (M),X = H\,Y = H\ and Ai = Li(M). The 
density assumption (|3.11[) is satisfied. By the density of L 2 (M), it suffices to see that the norms 
|| • Wm and || • Wu^ani are equivalent on L 2 (M). Let x £ L 2 (M). By Corollarv l3.11l we may write 

\\x\\ Hl = lim \\x\\ np = lim ||a;|| W c fflW; 
= lim inf \\a\\ Hp + \\b\\ n - 

p— >1 x=a+b, v p 

a,b£L 2 (M) 

> \\x\\msni- 

On the other hand, assume that ||a;||KjfflKI < 1- Then there exist a, b £ L2(M) such that x = a + b 
and ||a||-Hj + ||6||-hj < 1. Observe that Lemma \2. 251 still holds true for a, b £ L,2(A4), thus 

\\a\\m = lim \\a\\ n - and \\b\\<nv = lim 

Hence we can find p > 1 such that ||x||« p < ||a||wj + H&llwj < 1- Since the Hp-norm is decreasing 
in p we get the reverse inequality ||x||^ 1 < HxH^jh-hj. □ 

With this decomposition at the L2-level we can describe the dual space of "Hi as follows. 

Theorem 3.16. — We have 

(Hi)* = BM.O with equivalent norms, 

where BMO = BMO c n BMO r . 

Proof. — The proof directly follows from Proposition 13.151 and Theorem 12.361 by using the same 
argument than the one detailed in the proof of Theorem 13.121 □ 

3.6. Interpolation. — We end this section with the continuous analogue of the interpolation 
Theorem 12.81 (ii) involving the spaces Hi and BMO introduced in subsection 13.51 

Theorem 3.17. — Let 1 < p < oo. Then 

L P (M.) = [BA40,Hi]i. with equivalent norms. 

p 

Proof. — The inclusions BMO C L 2 (M) C Hi ensure that the couple [BMO, Hi] is compatible. 
As in the proof of Theorem 12.421 we only need to prove that [BMO, L 2 (M)}2/ P = L p (M) for 
2 < p < oo, and we will conclude by using the duality (Hi)* = BMO established in Theorem 13. 161 
On the one hand, by Theorem 12.421 we can write 

[BMO, L 2 (M)} 2/p = [BMO c n BMO r , L 2 (M)] 2/p C [BMO c , L 2 (M)] 2/p n [BMO r , L 2 (M)] 2/p 
= H c p C\H r p = L p (M), 
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where the last equality is the Burkholdcr-Gundy Theorem l3.12l for 2 < p < oo. On the other hand, 
the continuous inclusion M C BM.O yields the reverse inclusion 

L P (M) = [M,L 2 (M)] 2/P C [BMO,L 2 (M)] 2/p , 

and finishes the proof. □ 



4. The hp-spaces 

In this section we consider the conditioned version of Hardy spaces, and study their continuous 
analogue. Following the case of the "Hp-spaces studied in Section [2j we define two conditioned 
column Hardy spaces h p and hp in the continuous setting. In this case we still have a crucial 
monotonicity property, with an inversed monotonicity, which will also imply that the two condi- 
tioned candidates hp 1 and hp coincide. However, the conditioned case is more complicated than the 
"Hp-case in the sense that we can not prove the injectivity results directly, as we did in Section [5J 
In particular, the fact that Hp (a) = L p (M) with equivalent norms for a finite partition a is no 
longer true in the conditioned case. This is why we will first need to complement the space hp 
into some larger space, which also have an L p -module structure over a finite von Neumann alge- 
bra. The construction will be based on free amalgamated products. Then we will deduce duality, 
injectivity and interpolation results for 1 < p < oo. We also establish the continuous analogue of 
the Fefferman-Stein duality for hp, where the description of the L^mo spaces will be easier than 
the one of the L p A4(D spaces in subsection 12.81 The end of this section is devoted to the expected 
interpolation result involving the column spaces h\ and bmo c . 

4.1. The discrete case. — As in Section [2 we start by recalling the definitions of the con- 
ditioned Hardy spaces of noncommutativc martingales in the discrete case and some well-known 
results. Let (Ai n )n>o be a discrete filtration. Following |27| . we introduce the column and row 
conditioned square functions relative to a (finite) martingale x = (x n ) n >o in L oc (A4): 

OO 1/2 °° 1/2 

s c (x) = (y^ y £ n -i\d„(x)\ 2> ) and s r (x) = ( ^ £„_i|d„(a;)*| 2 ) 

n=0 n=0 

where by convention we set £-\ = £q. For 1 < p < oo we define h p (resp. h p ) as the completion of 
all finite Loo-martingales under the norm = ||s c (x)|| p (resp. = ||s r (a;)||p). Let us also 

introduce the diagonal space h p , defined as the subspace of £ p (L p (A4)) consisting of all martingale 
difference sequences. Recall that £ p (L p (M)) is the space of all sequences a = (a n ) n >o in L P {M) 
such that 

\\a\\i p ( Lp (M)) = ( H a «llp) < °°> 

n=0 

with the usual modification for p = oo. The conditioned Hardy space of noncommutative martin- 
gales is defined by 

f h d p + h c p + h' p for 1 < p < 2 
p ~ \ h d p n h% n h r p for 2 < p < oo ' 

It was proved in 1211 that for each n and < p < oo, there exists an isometric right A^„-module 
map u n ,p ■ L p (M;E n ) — > L p (A4 n ; with complemented range such that 

(4.1) u ntP (x)*u ntq (y) = £ n (x*y), 

for all x G L p (Ai;£ n ) and y € L q {M.\£ n ). More precisely, for < p < oo there exists a contractive 
projection Q„. p defined from L p (.M ra ;£§) onto the image of u n , p such that for all £ £ L p (.M „;£!;) 

(4.2) QnAO*QnAO<Ct 

For 1 < p < oo we know that 

(4.3) g;p = g„,p,. 
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In the sequel for the sake of simplicity we will drop the subscript p in u n _ p and Q n ,p- This proves 
that h° isometrically embeds into L p (M; ^(N 2 )) via the map 

K — > L P (M;£ C 2 (N 2 )) 



p 

x i — > 

n>0 



e„,o ® u n -i(d n {x)) 



Furthermore, h p is a complemented subspace of L p (J\A; ^|(N )) for 1 < p < oo. Indeed, we can 
define a projection 

P:L p (M;t 2 (N 2 ))^h c p 

as follows. For £ = ^ n e„,o <8 £n S L p (M; ^(N 2 )), for all n > we have £„_i(£„) e 
Lp(A4 n _i;^2(N)). We may apply the projection Q n -i and obtain for each n an element 
y n e L P (M) satisfying 

(4.4) Q„-l(£„-l(£„)) = «n-x(j/n)- 

Then we set 

n>0 

It is clear that P o u = idw-, i.e., that P is a projection from ; ^(N 2 )) onto Moreover, 

we can show that this projection is bounded for 1 < p < oo. 

Lemma — Let 1 < p < oo. TTien i/ie discrete space h p is 7 P - complemented in L p (A4; ^(N 2 ))- 
Proof. — Let £ = e„ j0 ® S L p (M\ £fj(N 2 )). First observe that for all n > we have 

(4.5) £»-i|d»(|/«)| 2 <£ n — 1 1 2/n I • 

Indeed, for n = 0, since by convention £_i = £q and do(yo) = £o(yo)> we have 

^oMo(yo)l 2 = |fo(yo)l 2 <fol2/ol 2 . 

For n > 1, we can write 

£„_i|d„(y„)| 2 = £ n ~i(\£n(y n )\ 2 - \£ n -i(yn)\ 2 ) 

< £ n -i(\£ n (y n )\ 2 ) < £ n -i(£n\y n \ 2 ) = £ n -i\y n \ 2 - 
Moreover by 1)4. 4j) and (|4.2|) . we have for all n > 

(4.6) £ n -i\y n \ 2 = \u n -i(y n )\ 2 = |Q n -i(£n-i(£n))| 2 < |^-i(e„)| 2 . 
Combining ()4.5p with (|4.6j) we obtain 

(4.7) £ n _!K(P(£))| 2 - f„-i|d„(y n )| 2 < \£ n ~i(Zn)\ 2 , Vn > 0. 
The noncommutative Stein inequality implies 

W p (0\h = ||(^f„-iM„(y n )| 2 ) 1/2 ))|| P < 1(^1^-1(^)1°' 

n>0 n>0 
1/2 



- 7 p|| ( l^™' 2 ) = >ll^lli P (A4;^(N 2 ))- 



n>0 



□ 



We deduce the following duality and interpolation results. 

Corollary 4-2. — Let 1 < p < oo. Then the discrete spaces satisfy 
(i) Let i + A = 1. T/ierc 

w V P 

(hp)* = ft-p, luii/i equivalent norms, 
(ii) Let 1 < pi,p2 < oo and < 9 < 1 be such that ^ = —j^ + Then 

hp = [h pi , hp 2 ]g with equivalent norms. 
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Remark 4-3. — Observe that for 1 < p < oo we have P = u* . Indeed, for x G h p and £ G 
L p i(M;i2(N 2 )) we may write 

(P(0\x) =Y,T(d n (y n yd n {x)) =Y,r{y* n d n (x)) 

71 71 

n 

= y^^T(u n -i(y„)*u n -i(d„(x))) by (|4~T|) 

= ^ T (2n-i(^-i(^))'««-iKW)) by 631) 

n 

= y^;T(£ n -l(£n)*U n -l(d n (x))) = ^ T(£*Un-l(dn(x))) 

71 71 

= (ZHx)). 

The analogue of the Fefferman- Stein duality for the conditioned case was established indepen- 
dently in |22j and [2] . For 2 < p < oo we introduce 

L^mo = {a; £ L 2 (M) : ||x||ic mo < oo}, 

where 

IklUgmo = max (\\£ Q (x)\\ p , ||sup + £„|x - Xn^Wljl). 

n 

For p = oo we denote this space by bmo c . 

Theorem 4-4- — Let 1 < p < 2. Then the discrete spaces satisfy 

(h^)* = Lp,mo with equivalent norms. 

Moreover, 

^p p L c ,mo — \\x\\(h-)* < v2||a;|| 

p ' p * p 

where v p remains bounded as p — > 1 . 

Combining these two latter results we obtain 
Proposition 4-5. Let 2 < p < oo. Then the discrete spaces satisfy 

hp = L p mo with equivalent norms. 

Observe that we can extend Proposition 14. II to the case p = oo in the following sense. 

Lemma 4.6. — Let 2 < p < 00. Then P : L p (M; ^|(N 2 )) -> L° mo is bounded. 

Proof. — Let £ = e„, ® £„ G L p (>f ; ^(N 2 )) and a: = P(£). On the one hand, by flU) for 
n = we have 

1/2 



||£o(*)|| P < \\£o(Zo)\\ P < Uo\\ P = ll(l£ol 2 ) 1/2 H P < ||(E l^l 2 ) , = UhAM&m). 

n>0 P 

On the other hand, note that by (|4.7[) . for each n > we have 

£ n \x-x n \ 2 = £ n \S^£ k - 1 \d k (x)\ 2 \ <£„(^|ffe-i(6 

k>n k>7. 

(4.8) < £»( X! ^-il£fc| 2 ) = f «( X] 



fe > n > n 



<£«(Ei&i 2 

fe>0 
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Since 1 < | < oo, the noncommutative Doob inequality gives 

\\sup + £ n \x-x n \ 2 \\ p/2 < sup + £„( V ICfel 2 ) <S p/2 y]l6| 2 , = Sp/2U\\L v (M;iS0P)y 

n. n. \ / »/2 II *— ~ r>/2 ^ 



fc>0 



fc>0 



Thus we get 

\\P(£)\\L-mo = \\x\\L-mo = max ( || £ (x) ||sup+£ n |x - £ n | 2 ||^2) ^ max(l, (^H^M^CN 2 ))- 

□ 

The noncommutative Burkholdcr- Rosenthal inequalities were obtained by the first named author 
and Xu in [27] . 

Theorem ^.7. — Let 1 < p < oo. Then the discrete spaces satisfy 

L p (A4) = h p with equivalent norms. 

Moreover, 

S^Nk ^ IMIp ^ M^llv 

Remark ^.8. — It is important to note that r\ p remains bounded as p — > 1, i.e., for p = 1 we 
have a bounded inclusion C Li(Ai). 

We end this subsection with the conditioned analogue of Theorem 12.81 proved in [2] . 

Theorem — Let 1 < p < oo. Then the discrete spaces satisfy 

h c = [bmo c 1 hi] i with equivalent norms, 
y P 

4.2. Definitions of h p , h p and basic properties. — Following Section [21 we start by fixing 
an ultrafilter U. For a € "Pfi n ([0, 1]) and x € Ai, wc define the finite conditioned bracket 



(x,x) a = Y,£t- M K(x)\ 2 

tea 



1 /2 

(recalling our convention that £q- (<t) = £o)- Observe that || (x, x)<j\\ p / 2 = \\ x \\h p (a): where h p (a) de- 
notes the noncommutative conditioned Hardy space with respect to the discrete filtration (M t )t£o- 
Hence the noncommutative Burkholdcr-Roscnthal inequalities recalled in Theorem 14.71 and the 
Holder inequality imply for each finite partition a and iGM 



Vp'Mp < Wfax)^* < \\x\\ 2 forl<p<2 
Iklla < \\(x,x) a \\ p / / l < K p \\x\\ p for2<p<oo 



(4.9) 

Then, adapting the discussion detailed in subsection [221 for x S M. and 1 < p < oo we may define 
(x,x) u = £u(({x,x) a )') , \\x\\^ = \\{x, x}^] 1 ^ and ||x|| h c = hm ||.t|| /i o ((t) . 

The properties of the conditional expectation £u imply the analogue of (|2.3j) 

^NIp < MW P < Iklihg < 1Mb forl<p<2 
IMI2 < ||a%c < \\ X \W P < k p\\ x \\p for2<p<oo 

Hence || • ||^ e and || • ||h= define two (quasi)norms on M. As for T-L p and 'Hp, these (quasi)norms 
a priori depend on the choice of the ultrafilter U. We will show that they actually do not, up to 
equivalent norm, and simply denote || • ||^ c and || ■ ||h£. 

Definition J^.10. — Let 1 < p < oo. We define the spaces h p and h p as the completion of M. 

with respect to the (quasi)norms \\ ■ ||r c and \\ ■ |jh<= respectively. 

p p 

As we did for T-L p , we may equip with an L p VW-module structure and show that || • ||^ c is a 
norm for 1 < p < oo. 
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Remark 4-H- — In this case we also note that £ max (p,2) 1S dense in h p and h£ for 1 < p < oo. 

The conditioned version of Lemma 12.131 holds true. 
Lemma 4-12. — Let 1 < p < oo. Then h p is reflexive. 

4.3. Monotonicity and convexity properties. — In the conditioned case we still have some 
monotonicity properties of the discrete norms, but the monotonicity is inversed. 

Lemma 4-13. — Let 1 < p < oo and a £ "Pfm([0, 1]). 

(i) Let 1 < p < 2. Let a 1 , ■ ■ ■ ,a M be partitions contained in a, let (a m )i< m <M be a sequence 
of positive numbers such that ^] m Q m = 1, and let x 1 ,--- ,x M £ L2{M.). Then for x = 
J2 m a mX m we have 

M 

\\x\\ K{lT) <2 1 /4^2a m (x m > x m ) c 



1/2 
p/2 



In particular for x £ L2{M.) and a £\ a 1 we have 

\\x\\ K{al) <2^\\x\\ K{a y 

Hence 

inflMlwa) < \\AW V < 2 1/p inf \\x\\ h a {a) . 

(ii) Let 2 < p < oo. Let a 1 , ■ ■ ■ , a M be partitions containing a, let (a m )i< m <M be a sequence 
of positive numbers such that a m = 1, and let x 1 ,--- ,x M £ L p (M). Then for x = 
E m a m x m we have 

M 



1/2 
p/2' 



In particular for x £ L p (Ai) and a G cr' we have 



1/2 

MUc( CT ) < 5' p/2 \\x\\ K{a ,y 



Hence 



2/2 

S' p/2 sup IMIfcc^) < ||x|| h c < sup \\x\\ h c p{a) . 



yields 



p/2 



Proof. — We first consider 1 < p < 2. On the one hand, the operator convexity of 

INlL(a) = ||E^-(-)|E a ™^( a;m ) 2 , ^11 E « m f s - (CT) |^(x m )| 2 
P \ || — i — 2 || — 

s£<7 m m,s£cr 

On the other hand, for 1 < m < M and t £ a m fixed we denote by It the collection of s £ a such 
that t~{a m ) < s~(a) < s < t. Then for m fixed, {J tee , m It = o. Note that for 1 < m < M and 
t £ cr m , we can split up the interval [t~(a m ),t] in the subintervals [s~(ct),s] with s £ It and by the 
martingale property (and t~(cr m ) < s~ (a)) we have 

2 



(4.11) 



e t - (am) \df(x m )? = £ t -^)\ E d ^ m ) 

sei t 

Then (|4. 1 1[) implies 



^(^)(E^wK(^ m )l 2 ). 



sGlt 



= E ^w-mM^wKWI 2 ), 



where £ m (s) denotes the unique i 6 er m which satisfies t (cr m ) < s (a) < s < t. We can rearrange 



the set {!,••• , Mjxcrsothat [M 



(m,s) 



becomes an increasing sequence of von Neumann 
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algebras. Thus we can apply the dual form of the reverse noncommutative Doob inequality for 
< f < 1 (Theorem 7.1 of [27]), and obtain 



p/2 



W) - I E a m £ s - {lj) \d a s {x m )\ 

m,sG(7 

= 2 2 ^\\j2^n(x m ,X m ) 



p/2 



p/2 

We now turn to assertion (ii). In this case, since a C cr m , for t 6 cr and m fixed we denote by 7™ 
the collection of s e a m such that t~(o) < s~(a m ) < s <t. Then for m fixed. \J tecr It = a m . We 
observe that 

M 

£ t - {a) \d°(x)\ 2 = Yl a mai Z t - {a) {dt(x m yd°{x 1 )). 



m.l — 1 



By Cauchy-Schwarz, we deduce that 

\\4 h ^) = \\j2 £ t-(,)(\dt(x)\ 2 ) 



p/2 



1/2 I 



< I £ a iam E t - {a) {\d^x m )\ 2 ) I £ ai a m £ t - (CT) (K(z')| 2 ) 



1/2 
p/2 



£ a m £ t - (CT) (K(z m )| 2 ) 



p/2 



Note that in the first term the summation over ^ disappears by using a; = 1, and in the second 
one the summation over m disappears similarly. For t £ o~ and m as (|4.1ip we can write 

£ t - (ff) (K(x'")| 2 )= J2 £t- { a)(K m (x m )\ 2 )- 

By the dual version of the noncommutative Doob inequality for 1 < | < oo, we deduce that 

£ a m £ t - (a) (\df(x m )\ 2 ) 

tG(T,m,S^:IJ n 

E^-0) 1 



J2 a m £ t - { «m{x m )\ 2 ) 



P/2 



P/2 



J2 a m S s - ( „ m) (\df(x m )\ 2 ) 
^llE E a m S s - (<7m) (\df(x m )\ 2 ) 



tea- 



P/2 



t€<7 jn,sG/ t m 



P/2 



,1/ 



m— 1 



p/2 



This ends the proof. 

The independence (up to a constant) of hp 1 on U follows immediately. 



□ 



Theorem 4-14- — For 1 < p < oo the space hp is independent of the choice of the ultrafilter U, 
up to equivalent norm. 

4.4. — h^j. — In this subsection we show that in the conditioned case the two spaces hp and 
h^ also coincide. In particular we will deduce that, up to an equivalent constant, these two spaces 
do not depend on the choice of the ultrafilter U. 

Theorem 4-15. — Let 1 < p < oo. Then 



h^ with equivalent norms. 



Theorem 14.141 immediately yields 
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Corollary 4-16. — For 1 < p < oo the space hp is independent of the choice of the ultrafilter U , 
up to equivalent norm. 

Proof of Theorem \4--15\ — As in proof of Theorem l2.16[ we start with the case 2 < p < oo, which 
is an easy consequence of the convexity property proved in Lemma l4.13l It suffices to show that the 
hp-norm and the hp-norm are equivalent on A4. Let x £ A4, by (|4.10j) we have \\x\\^ c < 1 1 a; 1 1 h = - Now 

1/2 P 

assume that ||x||^ c = |j (x, x)u\\ p /2 < 1 anc ^ nx G - Since the two spaces coincide with Lii^hA) for 
p = 2, we consider 2 < p < oo. In that case we have (x,x)u = w-L p / 2 - lim cr ^(x, x) CT . We can find 
a sequence of positive numbers (a TO )m = i satisfying Yl m a »™ = ^ an< ^ nn ite partitions a 1 , ■ ■ ■ , a M 
containing a such that 

M 



^ y ^m(x,x) c 



m— 1 



< 1. 

p/2 



Lemma 14.131 (ii) gives for all a 
Taking the limit over a we get 



MI^)<</2- 



Mk<</2- 



We now turn to the case 1 < p < 2. We will use the same trick as in the proof of Lemma f2. 191 Let 
us adapt this argument for hp We consider the same index set 

X = P &n (M)xV nri ([0,l})xR* + 

and construct similarly the ultrafilter V on X. As in subsection 12. 4[ for each i = (F,ai,e) £ I we 
can find a sequence of positive numbers (a r „(i))^l^ such that ^2 m a m (i) = 1 and finite partitions 
a}, ■ ■ ■ , af 1 ^ containing cr, and satisfying for all x G F 



M(i) 



< e. 

q/2 



(X,X) U - ^ a m{i){x,x) a -n 
m— 1 

In this case we consider the Hilbert space %i = ^2^U m ieo- m M x equipped with the norm 

M(i) 

\\(^m,t ! j)l<n<M(i),t£(Tf l ,je^\\'Hi = ( a m{i) ^ |£n 



■am,t,j I 



Then hp embeds isometrically into Y\y L p {M]7-lf) via the map x £ h-> x = (x(i))*, where 

x(i) = 



M(<) 

V] e m ,o ® e t) o <E> u t -^rn)(dt' (x)) if i = (F,<Ti,e) such that x G -F 

m— 1 tGixf™ 

otherwise 



We will show that 

(4-12) (h£)* C (h^)*. 

Let 73 G (hp* be a functional of norm less than one. We may assume that <p is given by an element 
£ = (£(*))* G nv L P ' (M-lU!-) of norm less than one, with 

M(i) 

m— 1 i£cr" 1 

where £ OT ,t(i) G L p /(JW;^§(N)). Fix i = (F,a u e) £ X and 1 < m < M{i). We set 
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where £ m (i) := J2tecr m e ™,o ® et,o ® £m,t(*) G L p >(M\ ^jO 7 !" x N)) and Per^ denotes the projection 
from Lp> (M ; x N)) onto h c p ,(af) described in subsection 14. II Then we consider 

z(i) = }]am(i)zm(i) € L p/ (M). 

m 

We claim that is a martingale in L p ,mo(ai). The crucial point here is that by Lemma T4. 61 the 
map Po-m : £ p / (JW ; ^ (Oi 71 x ^0) ~~ ^ Lp,mo{a™) i s bounded for 2 < p' < oo. More precisely, on the 
one hand, (|4.7j) for n = implies 

(4.13) \£o(z m (i))\ 2 < \£o(Uo(m 2 < £o\UA*)\ 2 - 

On the other hand, by (|4.8[) we have for all s £ erf 1 (and in particular for all s £ <x; C cr™) 



(4.14) 



£ S \z m (i) -£s{Zm(i))\ 2 < £ s ( ^ |£m,t(i)l 



tec' 



The operator convexity of the square function | • | yields 

2 



\£o(z(i))\ 2 = | ^2 a rn{i)£o{z m {i)) < ot m (i)\£ {z m (i))\ 2 , 

m m 

and for each s G (T% we get 

I 2 

(4.15) £ 8 |z(i) -£ s (z(i))| 2 = £ s \ ^ a m (i)(z m (i) - £ s (z m (i))) < ^ a m (i)£ s \z m (i) -E s (z rn (i))Y 



\£v{zd))\ 2 <£o(J2 a ^mmA^\ 2 ), 



Then using (|4.13|) we obtain 



and the contractivity of the conditional expectation £q on L pl / 2 implies 

1/2 

11^(2(0)11^ < |^o(^a ro (i)l^,oW| 2 )| < fS^WIUoWl 



1/2 
p'/2 



< II 51 "mWIUtWI 5 



1/2 
p'/2 



II^WIIv^^i)- 



Moreover (|4.14[) gives 



^|«(«)-W*))I 2 <^.( 2 M*)I&m(*)I 3 )- 



By the noncommutative Doob inequality we obtain 

\sup + £ s \z{i) -£ s {z(i))\ 2 \\ p , /2 < sup+£ s ( a m {i)\i m . t {i)\- 



m,t£cr? 



p'/2 



<5. 



p'/2 



^2 a m(i)ICm,t(i)| : 



2 



p'/2 



V/2II?(*)IIl p ,(A4;^ 



Hence 



lk(i)IU;,mo( CTi ) < max(l, ( 5p, / / 2 2 )||^(i)||L p ,(A4;^)- 
In particular, we sec that the family (z(i))i is uniformly bounded in L 2 (A^). We set 
z = w-L2-liniiy z {i)- We claim that z £ (h^)* with 

(4.16) ||2|| (h c). < V / 2max(l, ( 5;/ / 2 2 )||e||n v L p ,(M;H!> 

By the density of L,2{M) in h p it suffices to estimate |r(z*a;)| for all x £ ^(-M) with ||x||h= < 1- 
Note that 



(4.17) 



M|h£ = lj m INIUj(<rO- 
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Indeed, for all 5 > and x £ Z^CM), by definition of the hp-norm we have 

A* = {(7 6 P fin ([0, 1]) : |||x|| h « - ||aj|U. (ff) | <^}£W. 

Hence the set Vfi n (M) x^xI^eTxWxWcV, and since 

^fin(X) x A s xR* + c {i el : \\\x\\ h o - \\x\\ h c (ai) \ < 6} 

we deduce that the set in the right hand side is also in V for all S, which proves ()4.17|) . We conclude 
that for x £ L2CM) with ||x||hg < 1 we have 

\r{z*x)\ < lirn|r(z(i)^)| < >/21im(||z(i)||L^ m o(«rolklU;(a i )) 

= ^(Ump^lUpmo^jJCUmUxllftc^.)) < v / 2max(l,^ / / / 2 2 )||C|| nv L p ,(x ; -H f )||x|| h c 

< \/2niax(l, ( 5 p , / / 2 2 )||e||n v V(A4;Wf)- 
This proves (|4.16() . Finally, it remains to check that for all x £ L g (A / l), z satisfies 

( 4 -!8) (£l^)riv L p ,(M;Ht),Ylv Lp{MWS) = T ( 2 * a; )- 

We first verify that for each i = (F,<Ti,e) £ 1 such that x £ F we have 

{Z(i)\x(i))L p ,(MiH$,L p (M;HS) = T{z{i)*x). 

For all 1 < m < M(i), Remark |4~31 gives 

T(z m (i)*x) = {P<r™{t,m{i))\x) = {t,m{i)\u„f(xj) = ^2 ' ^ (6n,t(^)* ^i t-(<T^ ^ )( c^ t ^, 

Then 

M(i) M(i) 

r(z(i)*x) = 2J am(i)i"(zm(«)*i) = X! a ™W r (W W*"*-^™)^' (»))) = (C(i)l^(O)- 

m— 1 m— 1 i£cr m 

As in the proof of (|2.8j) . this is sufficient to show ()4.18|) . The end of the proof of Theorem 14. 151 is 
similar to that of Theorem 12.161 □ 

In the sequel, we will work with the space hp 1 . 

4.5. Complementation results. — The aim of this subsection is to complement the spaces 
for 1 < p < 00 in some nice spaces, that means in some spaces which have an Lp-module 
structure over a finite von Neumann algebra. We would like to deduce the continuous analogue of 
Corollary 14.21 However, in the conditioned case, we can not extend the complementation result 
stated in Lemma 14.11 to the continuous setting, as we did for the spaces Tip. Hence we first 
need to complement h c v into another nice space in the discrete case, and then we will extend this 
complementation result to the continuous setting. This construction is based on free amalgamated 
products and will use the Rosenthal/Voiculescu type inequality recalled in subsection 11.41 

4-5.1. Complementation of hp in the discrete case. — Let (Ai n )n=o ^ e a finite discrete filtration 
and (£ n )n=o be the associated conditional expectations. The idea is to construct a larger finite von 
Neumann algebra Af D Ad and then complement hp in the space Lp(Af; Em)- We set 

A = M, A„ = M *M n -! M n for 1 < n < N and Af = *mA„, 

where we amalgamate over the first copy of Ai in A„. Following the notations introduced in 
subsection II .41 we consider the *-homomorphisms 

p : M -> Af and p n : A„ Af, 

which send respectively Ai to the amalgamated copy and A„ to the n-th copy. We denote by 

Em ■ Af ^ M and £ A „ : Af ->• A n 

the associated normal faithful conditional expectations. For each < n < N we consider the *- 
homomorphism 7r nj 2 : A4 n — > A„ which sends A4 n to the second copy of A„, and </>„.2 : A„ — > Ai n 
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the associated conditional expectation. If n = then 710,2 is the natural inclusion AAq C AA 
and (/>o,2 is simply the conditional expectation £q. As in subsection 11.41 we consider the spaces 
Si, X},, Yp C , Yp r and Z p associated to the free amalgamated product Af. We will use the following 
easy fact. 

Lemma 4.. 17. — For all < n < N we have 

(£n-l)\M n = £m ° Pn ° 7T n) 2, 

where by convention we set £_\ = £q. 

Proof. — The equality is obvious for n — 0. For 1 < n < N and x G AA n we write a; = 

o 

£ n -i{x) + (x — £ n _i(x)). Observe that x — £ n -\(x) €AA n in A„, and hence by freeness 

£M Pn O Kn^ix - £ n -l(x)) = 0. 

We get 

£/A Pn n n . 2 {x) = £m Pn n n> 2{£n-\{x)) = £ n -x(x). 

□ 

Remark 1^.18. — This shows that the construction detailed above gives a tangent dilation for M. 
associated to the filtration (A4 n )n=o- Actually this also holds in the case of any (non necessarily 
finite) discrete filtration. Let us recall the notion of a tangent dilation, which was introduced in 
|22j . For a von Neumann algebra M. and a filtration (A4 n ) n >a, a tangent dilation is given by a 
von Neumann algebra A/" and trace-preserving homomorphisms 7T n : M. n —± Af, p : M. —> M such 
that 

(i) The conditional expectation £ p : Af — > p{A4) satisfies 

p o £„_i = £ p o 7r„ for all n > 0; 

(ii) The von Neumann algebras Af n = Tr n (A4 n ) are successively independent over p(A4). 

The first named author and Mei constructed a tangent dilation for any group von Neumann alge- 
bras. More generally the construction described previously gives a tangent dilation for every von 
Neumann algebra and every filtration. Indeed by setting ir„ = p n ^n,2i w e get two trace-preserving 
homorphisms satisfying (i) by Lemma 14.171 Condition (ii) is also verified by construction, and thus 
Af, 7r„ and p give a tangent dilation of AA. 

Lemma 4-19. — For x £ AA we set 

N 

v(x) = ^ Pn Kn,2(.d n (x)). 
n=0 

Let 1 < p < 00 . Then v extends to an isometric embedding 

(i) from hp into Y p l c ; 
(ii) from into Z p . 

We will denote these isometries by v p and vp 1 respectively. 

o o 

Proof. — Observe that d n (x) GA4n in A„, hence p n a ■n n .2{d n {x)) GA n - This means that if x £ A4 
then v{x) € Si. By orthogonality and Lemma 14.171 we have 

W N N 

£ M (v(x)*v(x)) = ^£ M (\Pn ° K n ^{d n {x))\ 2 ) = ^£m Pn ° n nt2 \d n (x)\ 2 = y^^£ n -i\d n (x)\ 2 . 

n=0 n=0 n=0 

This means that for x € AA and 1 < p < 00 

M x )\\L } (Af;£ M ) = IMUg, 
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and (i) is proved. For the second assertion we write 

N ll N 1/ 

IK*)lk = (Ell^ ^K(.x))||p) = (X)IK(*)Hs) = II^IU-- 

n=0 n=0 



□ 



Considering the adjoint we get the following complementation results. 

JV 

Eo 
a n € Si (i.e., a„ €A n /or all < n < N ) we set 

n=0 

N 

T^iV) = E ^«,2( a n) - £n-l(0n,2(an))- 
n=0 

Let 1 < p < oo . T7ien 7?. extends to a bounded projection 
(i) from Y pc onto h c p ; 
(ii) from Z p onto hp 1 . 
We denote these projections by IZp and IZp respectively. 

Proof. — We claim that for x £ M and y = Yl n =o a " e we nave 
(4.19) (v(x)\y) = (x\1Z(y)). 

Since 7r n ,2 ° 4>n,2 ■ A n —> 7r n! 2(A„) is a conditional expectation on (A„, tro p„), it is trace-preserving 
and we may write 

tr o p n o Tt n2 o 0„ j2 = tr o p n . 



Thus 



N N N 



(v(x)\ y^a n j = tr(p n o Tr ni2 (d n (x))p n (a n )*) = ^ tr o p n (Tr ni 2(d n (x))a*, 

n—0 n—0 n—0 

N 

= tr o p n o ir rh2 a cj} n ^{-K n ,2{d n {x))a* n ) 

N 

= X! TO ^ M ° P n ° 7r n,2(4(s)^,2K)*) 



n=0 

AT 

= E r o £„_i(d„(a;)<?!) n) 2(a Tl )*) ! 

where the last equality comes from Lemma 14.171 Since £ n -i(-K n ^2(d n (x))) = and £ n _i is trace- 
preserving, we obtain 

N N N 

^(l)|^fl„j = y^ y T(d n (x)(4> nt2 (an) - £ n -l(<j>n,2( a n))Y) = (x\TZ(^2 a n)j , 
n—0 n—0 n—0 

and is proved. Recall that for 1 < p < oo we have (hp)* = h c p , (/$)* = h*, (Y p \ c )* = Y p \ c 

and (Z p i)* = Z p . Since M. is dense in hp, hp 1 and Si is dense in Yp C ,Z p , we deduce from Lemma 
[4191 that 

(v c p ,)*=1Z c p :Y p ) c ^h c p and (vp 1 ,)* = K d p : Z p ^ h d p 
are bounded projections. □ 

The free Rosenthal inequalities are a crucial tool to prove the similar results for the space h p . 

Proposition 4-21. — Let 1 < p < oo. 

(i) The map v extends to bounded map from h p into X p; which is injective for 1 < p < oo. 
(ii) The map 1Z extends to a bounded projection from Xp onto h p for 1 < p < oo. 
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Proof. — Let x £ A4. We will show that ||u(x)|| p ps IMUj, f° r 1 < P < 00 • We first consider the 
case 2 < p < 00 . Then Theorem 11.171 (i) yields 

\\v(x)\\ p ps max{\\v(x)\\ Zp , \\v(x)\\ L c^ >Sm) , \\v(x)\\ L r^ t e M) }. 

Then by Lemma T4. 191 we deduce 

||u(a;)||p ps max{||x|| h d, ||x|| h c, ||.t||, i; } = \\x\\ hp . 

We now consider 1 < p < 2. In that case Theorem 1 1.1 71 (ii) gives 

||u(x)|| p ps inf ||d|| z + ||c|| L c ( jv i£M) + llT-lli^jv,^), 

v{x)— d+c+r * ^ 

where the infimum runs over all the decompositions v{x) = d + c + r with d, c, r £ Si. Note that 
any decomposition x = D + C + Roix with D £ h p ,C £ h p and R £ h p yields a decomposition 
v(x) = v(D) + v(C) + v(R). Hence Lemma T4. 191 gives 

\\v(x)\\ p < C(\\v(D)\\ Zp + \\v(C)\\ L c (X>£m) + MR)hw,e M )) = C(\\D\\ h} + \\C\\ h c + \\R\\ h r). 

Taking the infimum over all the decompositions x = D + C + R we get 

\\v(x)\\ p <C\\x\\ hp . 

Conversely, for any decomposition v(x) — d + c + r with d,c,r £ Si we can write 

x = K{v{x)) = 11(d) + 11(c) + TZ(r). 
Then Proposition 14.201 implies for 1 < p < 2 

Nk < \\K(d)\\ K + \\K(c)\\ h c + \\H(r)\\ h r < C p {\\d\\ Zp + \\c\\ l ^^ m) + \\r\\ L ^ N .s M) ). 
Taking the infimum over all the decompositions v(x) = d + c + r we get 

\\x\\ hp < C p \\v(x)\\ p . 

This ends the proof of (i). We deduce (ii) by duality, by using the fact that for 1 < p < 00, 
{X^* =X l p , and (h p )* = h p ,. □ 

4-5.2. Complementation of h p in the continuous case. — We now extend this construction to the 
continuous setting. For any finite partition a of [0, 1] we set 

A (cr) = M, A t (cr) = M *M t - M M t for < t £ a and M(a) = * M ,tea^t, 

where we amalgamate over the first copy of A4 in A t (a). We denote by p a '. J^A — V M(cr) the *- 
homomorphism which sends Ai to the amalgamated copy, and by £ M : M(a) — > M. the associated 
conditional expectation. We equip N(a) with the finite normal faithful trace tr CT = t o SJ^. We 
consider the ultraproduct von Neumann algebra 

and the associated finite von Neumann algebra 

M u = M u fu, 

where fu denotes the support projection of the trace tr^ = (tr CT )*. Since we may extend the 
*-homomorphism p a to an isometry p a : L p (A4) — > L p (J\f(o~)), the ultraproduct map pu = (p n ) m 
is the natural inclusion 

pu : L 1 (M U ) -> L x {Mu)- 
Taking the adjoint we obtain a normal faithful conditional expectation 

Mu — > M u 

(x„y (£ M M)' ' 

Hence we may consider the L p .M^-module L p (Nu , £ Mu) ■ 

Lemma 4-22. — Let 1 < p < 00. Then h p embeds isometrically into L p (Mu,£m u )- 



(pu)* - £Mu 
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Proof. — For each a, we denote by v a the map defined in Lemma 14.191 for the finite filtration 
(M t )te<T- For x e M we define 

vu(x) = (v*(x))'. 

By Proposition 14.211 and the noncommutative Burkholder- Rosenthal inequalities (Theorem 14. 7|) . 
for all 1 < p < oo we have 

IK<»IIl p (a^)) ^ CplklUpM < Cp^pll^llp < CpKpWxWoo. 

This means that vu(x) £ L p (Mu) for all 1 < p < oo. Lemma 1*1 . 71 implies that vu(x) G L p (Mu) for 
all 1 < p < oo. By Lemma T4. 191 we get for 1 < p < oo 

\\vu{x)\\lc(M u ,£ Mu ) = W^Mu^uixYvuix))^^^ = \\ (££, [v a (x)* V a (x)))' || l* 2{Mu) 

= \im\\v a {x)\\ L o m<T) ^ M) = Um||s||fcj W = ||x|| h c. 
This proves that vu extends to an isometry from into L p (Afu, £m u ) f° r 1 — P < 00 ■ ^ 
Proposition — Le£ 1 < p < oo. T/ien is complemented in L c v {Mut£mu)- 

Proof. — Let x — (x a )° € Afu be such that H^IU^A/L^fMu) — 1- This means that 

(4.20) \\£mu(x*x)\\ 1 l / ^ MMu) = \\(£^{xlx a ))'f^ MMu) = \im\\x a \\ L}m<T y £ « M) < 1. 

Observe that for all 2 < p < oo, we have by Proposition 14.211 and Proposition II. 151 

ll^ ff o V[(x a )\\ Lp{M) < ^pl" o V[(x a )\\ hp(a) < 7lpC P \\V[{x a )\\ Lp ^ (a)) 

< 4i7 p Cp||x <r || ijl (jv( e r)) < irjpCpWxvWs/^). 

Hence the family (IZ^oVf {x a )) a is uniformly bounded in L p {M) for all 2 < p < oo. For 1 < p < oo, 
we may consider 

U u (x) = w-L max(2 , p )-limTZ a o V{{x a ). 
It remains to estimate ||7?t/(x)||h£. Proposition ^. 201 (i) and Proposition II. 151 (ii) yield for each a 

\\K a oV?{x a )\\ h c (cr ) < Cp\\Vi(x a )\\ L c^^ £ ^) < Cp\\x a \\ L c {MirT)t£ * M y 
Taking the limit in a, (|4.20p gives 

(4.21) \im\\K°oV°(x a )\\ hc{a) <C p . 

cr 7 U ^ 

Let 1 < p < 2 and e > 0. We may find a sequence of positive numbers (a m )^f =1 such that 
X) m a ™ = 1 an< ^ finite partitions a 1 , ■ ■ ■ , o~ M satisfying 

\\Ku(x) -J2a m ']Z' rm oVf{x am )h < £ and pC™ o vf {x a m)\ K{am) <C p + e. 

TCI 

Since ||z||h£ < IMb, by Lemma 14.131 (i) we get 

\K u {x)\ K < \\TZu(x) -^a m r"o?f(i jm ) ^ + |j]a m ^ m oPf"( Zj ») 

m 

< e + J a m n am o pf ra ( Xa m) 
m 

m 

<e + 2 1 /P(C p +e). 
Sending £ to we obtain 

||^ W (x)|| h c <2 1 /fC p || 

We now consider 2 < p < oo and fix a partition oo. By Lemma 14.131 (ii) we have for all a D <to 

(4.22) o n(^)!i^ (CT0 ) < O 7 ^ ° 
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Thus (|4.21[) implies that the family (JZ a o V a (x a ))aDa a is uniformly bounded in the reflexive space 
hp(ao). We deduce that the weak*-limit of the 1Z a o V° (x CT )'s exists in h°(ao)> an d coincides with 
the weak*-limit in L p : 

Tluix) = w-h c J<r )- lim 11° oV[{x a ). 
By using (|4.22[) and (|4.21f) we get 




Since this holds true for all partition do, by taking the limit we obtain 

1 /2 

||^w(a;)||ho < & p /2 Cp\\x\\ L c(Mu,£M u )- 
This ends the proof of the Proposition. □ 

We deduce from Proposition 11.101 the corresponding duality and interpolation results for the 
spaces h^. 

Corollary 4-24- — Let 1 < p < oo. 

(i) Let i + A = 1. Then 
v v 

(h^)* = h^, wm£/i equivalent norms, 
(ii) Let 1 < pi,p2 < oo and < < 1 oe swc/i i/iaf p- = + T/ien 

hp = [hp i; hp 2 ]e wii/i equivalent norms. 

4.6. Injectivity results. — By using Corollary 14.241 (i). it is now easy to prove that the con- 
ditioned Hardy spaces defined above are well intermediate spaces between L2(M) and L p (A4) for 
1 < p < oo as expected. 

Proposition 4-25. — Let 1 < p < oo. Then 

i.e., hp embeds into i m i n (p,2) ■ 

Actually, the injectivity for 2 < p < oo can be proved directly as a consequence of the mono- 
tonicity Lemma T4. 131 Indeed, since the monotonicity in the conditioned case is inverse to that of 
Hp, the conditioned analogue of Lemma \2 . 2 71 concerns the case 2 < p < oo. 

Lemma 4-26. — Let 2 < p < oo. Then the space {x 6 Li{M) : ||a;||h£ < °°} * s complete with 
respect to the norm \\ ■ \\hc 

Proof. — Recall that in the conditioned case, by Lemma 14.131 the norms || • ll/^er) are increasing 
in a (up to a constant) for 2 < p < oo. Then the completeness of each discrete /ip(cr)-space yields 
the result as in the proof of Lemma 12.271 □ 

It then directly follows that hp embeds into Z^-M) for 2 < p < oo. Moreover, by simply using 
the discrete hp(a) — h c p , (a) duality, we can prove the conditioned analogue of Lemma [2.301 with the 
same argument. 

Lemma 4-27. — Let 2 < p < oo. Then 

(h^/)* = {x G L2(A4) : ||x||h>= < oo} with equivalent norms. 
Then, combining Lemma 14.271 with assertion (i) of Corollary 14.241 we obtain 
Corollary 4.28. — Let 2 < p < oo. Then h'={i£ L 2 (M) : \\x\\ h c < oo}. 



60 



MARIUS JUNGE & MATHILDE PERRIN 



However, the injectivity in the case 1 < p < 2 is highly non-trivial and we really need the 
complementation result stated in subsection 14.51 to prove it. This approach does not include the 
case p = 1, and at the time of this writing we do not know if the natural map from to Li(M.) 
is injective (see Problem I5.54j) . For the sequel we need to introduce another candidate for the 
continuous analogue of the conditioned Hardy space h°, which is embedded in L\(M.). We denote 
by 

ip : hj^ Li(M) 

the natural map defined by ip{x) = x for ieM, and set 

Lbl = ( p(hl)cL 1 (M). 
Since ip is bounded, Lh^ equipped with the norm 

\\x\\wi = inf \\y\\hi 

x=ip(y) 

is a Banach space. Moreover, note that L 2 {M.) is still dense in LhJ. 

Remark 4-29. — Considering as a subspace of £ m i n (p,2)(yW) for 1 < p < oo thanks to Propo- 
sition 14.251 we can write 

h c q C for 1 < p < q < oo and h c q C LhJ for 1 < q < oo. 

Moreover, for 1 < q < oo, the commuting diagram 

K ^5 



implies that we may also consider 

h q C rq for 1 < q < oo. 

4.7. Fefferman- Stein duality. — This subsection deals with the analogue of the Fcffcrman- 
Stcin duality for the conditioned Hardy spaces. First observe that in the discrete case, the space 
Lpmo is simpler than the space L c p MO for 2 < p < oo. Indeed, recall that for a finite partition a 
and x G L 2 (J\A) we have 

\\x\\ L -MO(a) = llsup+^lx-Zt-^)! 2 !!*^ and IMUgmoO) = max(||£o(z)||p, ||sup + f t |x— a; t | 2 1| M^) - 

The crucial point is that the index "< _ (cr)", which depends on the partition a, does not appear in 
the definition of L c v mo(o). Hence it is natural to introduce the following definition of L^mo in the 
continuous setting. 



Definition 4-30. — Let 2 < p < oo. We define 

Lpmo = {x e L 2 (M) : \\x\\ L <= mo < oo} 

where 

IMUgmo = max(||£ (a:)||p, || sup + £ t \x - XtfWlfy. 

o<t<i y/ 

For p = oo we denote this space by bmo c . 

Recall that for a family (xt)o<t<i in L q (M), 1 < q < oo, we define 

II SUp + X t \\q = \\(xt)0<t<l\\LJM;£^([0,l])) = in f || a|| 2q SUp || y t \\ x \\ b\\ 2q , 
0<t<l t 

where the infimum runs over all factorizations x± = aytb with a, b € L 2q (M.) and (yt) G 
^oo(ioo([0, 1]))- The space L^mo obviously does not depend on U. Note that by Proposition 2.1 
of |29j we have 

sup||sup + f t |.x-.i: i | 2 ||y / 2 = || sup + S t \x - x t \ 2 \\\'L 

a tea 11 0<t<l ' 
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thus we obtain 

(4-23) IMUjmo = SUp ||x|| L c mo((7) . 

Since by definition || • ||ic mo (- cr ) is increasing in cr, for 2 < p < oo we may write 

IMUgmo = Um||x||i,. mo(CT ) 

for every ultrafiltcr hi. This ensures that we define well a complete space. 

The discrete Fefferman-Stein duality in the conditioned case easily implies the following contin- 
uous analogue. 

Theorem 4.31. — Letl<p<2. Then 

(hp)* = Lp, mo with equivalent norms. 

Moreover, 

(4.24) ^NU",™ < IMI(hjr < N/2||a;|| L c (mo . 

Proof. — The proof is similar to that of Lemma 12.301 by using the discrete hp(a) — L c v ,mo(o) 
duality. This argument can also be adapted for p = 1 . □ 

Moreover, we deduce from Proposition 14.51 that for 2 < p < oo, 

Lpmo = {x £ L 2 {M) : \\x\\^ < oo} with equivalent norms. 

Hence Corollary 14. 281 yields 

Corollary 4.32. — Let 2 < p < oo. Then 

Lpmo = hp with equivalent norms. 



As a consequence of Thcorcm l4.31l we can characterize the space Kmo similarly to the definition 



of L L p MO. 

Lemma 4-33. — Let 2 < p < oo. Then 
(i) The unit ball of L^ mo is equivalent to 

Bp = {x = w-L 2 -\imx lT : lim ||a; .|j i c mo(cr) < 1}. 
More precisely, we have 

Bl^ mo C Bp C V2v p Blc mo . 

(ii) Let {x\)\ be a sequence in L2(M.) such that ||xA||Ljmo < 1 for all A and x = w-L2-Yvcct\x\. 
Then x £ Lpmo with ||a;||2> mo < y/2v p . 

Proof. — It is clear that P>Lc mo c B p . Conversely, let x = w-L2-X\n\ 0i ux G be such that 
lim,^ ||£<r||z,»mo(a-) < I- By Theorem 14. 31 1 and the density of L 2 (M) in hp, we can write 

IMUgmo < v v sup \r(x*y)\. 

y€L 2 (M),\\y\\ h o <1 
p 

Note that for all y £ L2{A4), \\y\\b a , < 1 we have 

\r(x*y)\ < lim|T(x;y)| < V21im (\\x a \\ L a {a) \\y\\ h . {a) ) 
= V2(lim||x CT || L e mo([T) )(lim||y|| h c ((t) ) < ^2. 

a.U p a,U p 

Thus x £ \/2v v B^ mo , and this proves (i). The proof of (ii) is similar to that of Corollary 12. 371 □ 
We end this subsection with the description of the dual space of LhJ. 
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Theorem 4-34- — We have (Lh^)* = Lbmo c with equivalent norms, where 
Lbmo c ={x £ L 2 (M) : ||x||bmo c < oo and \\mT{x*y n ) = 

n 

V sequence {y n )n C Ai such that (y n ) n converges in \\\ and y n — > in L\\. 
Proof. — By definition, LhJ is isomorphic to the quotient space hj/ker<y5. Hence 

(Lh=)* = (kcr^) 1 - C (h?)* = bmo c . 

This means that 

(Lh^)* = {x£ bmo c : (x\y) bmo o M c = 0,Vy e ker<^}. 
By definition, an element y £ keitp is the limit in of a sequence {y n )n C M. such that 
ip(y) = L\- lim„ <p(y n ) = ii-lim„y„ = 0. In that case we have (x\y) bmo c ;h c = lim n (:r|y n )bmo<=,hj = 
lim„ r{x*y n ), and this ends the proof. □ 

Remark 4-35. — Observe that since by definition the space LhJ embeds into Li(AA), then 
Loo{M) is weak-* dense in Lbmo c by Theorem 14.341 

4.8. Interpolation. — The end of this section is devoted to the continuous analogue of Theorem 
EH 

Theorem 4-36. — Let 1 < p < oo. Then 

Wi = [bmo c ,h?]j_ with equivalent norms. 

Proof. — Observe that by Remark 14.291 we may write bmo c C C h^. This ensure that the 

couple [bmo c , hj] is compatible. As in [2], we first show that Corollary 14.241 (ii) still holds true for 
Pi = 1, i.e., 

(4.25) h c q = [hi, hp]g with equivalent norms 

for 1 < p < oo, < 6 < 1 and 1 - 9 + ^ = ±. Then, as in the proof of O Theorem 4.1], we will 
deduce the required interpolation result by using duality (Theorem 14.311 and Corollary 14.241 (i)) 
and Wolff's theorem. Note that it suffices to prove (|4.25|) for 1 < q < p < 2. Indeed, Corollary 
14.241 (ii) combined with an application of Wolff's theorem will yield (|4.25[) for 1 < p < oo. The 
inclusion [hj, hp]g C h q follows easily from Lemma T4.22I and Proposition 14.231 Let x £ [h£, h^]e be 
of norm < 1. Then there exists a function / £ ^(h^, h^) such that f(6) = x and 

H/IU(hf,hj) = max(sup ||/(i<)|| h j, sup ||/(1 + it)|| h c) < 1. 

Since vu is isometric by Lemma [4.221 we deduce that the function Vu°f £ F(L\ (Mu, £-Mu)i Lp(J\fui 
with \\vu o f\\jr = \\f\\jr. Hence v u ° f{0) = v u (x) £ [L\{Nu , i ' M u ) '> L P {Nu , £ 'm u )\b witn norm 
< 1. Proposition 11.101 (iii) implies that vu{x) £ L c q {Uu,^M u ) for 1 — 6> + ^ = |. Then 
x = TZu a Vu{x) £ h q by Proposition 14.231 Observe that this argument still works for 1 < p < oo. 
However, we need the restriction to the case 1 < p < 2 to prove the reverse inequality by duality. 
We will show that 

(4.26) [bmo c ,Lpmo]p C LJmo with equivalent norms, 

for 2 < p < q < oo, and Theorem 14 . 3 1 1 will yield the remaining inclusion by duality (since L^mo is 
reflexive). This comes directly from the discrete result and the monotonicity property (|4.23[) . Let 
x £ [bmo c , iptno]p be of norm < 1. Then there exists / £ J r (bmo c , L^mo) such that /(-) = x and 
ll/ll^ r (bmo c ,L=mo) < 1- By ()4.23j) . we deduce that / £ J r (bmo c (cr), L p mo(a)) with norm < 1 for each 
a. Hence the discrete interpolation result gives that x £ L c q mo(a) for each a with 

INUjjTj»o(<r) < Cg||/||jf(6mo c (o-),L = mo(o-)) < C q \\ f\\ jr( bm o c ,L= mo) < C q . 

Taking the supremum over a we obtain that x £ L q mo with 

||2-||i=mo ^ Cq || X || [bmo c ,L=mo] £ • 
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This ends the proof of (|4.26[) and the Theorem follows. □ 

5. Davis and Burkholder-Rosenthal inequalities 

We continue our investigation of the Hardy spaces of noncommutativc martingales in the con- 
tinuous setting by studying some decompositions of Hp and Hp involving the conditioned Hardy 
space h^. By considering the adjoint in Section U we may define the row conditioned Hardy space 

and obtain the analoguous results. After recalling the noncommutative Davis inequalities in the 
discrete case, we will discuss three variants of this decomposition in the case 1 < p < 2. The first 
one is a regular version of the Davis decomposition involving another diagonal space h p c instead 
of hp. The second version, presented in subsection 15.1.21 is a Randrianantoanina's type Davis 
decomposition with simultaneous control of h p and L 2 norms for 1 < p < 2. The last variant is a 
mixed version of the two first ones, i.e., a Randrianantoanina's type Davis decomposition involving 
the diagonal space h p c . Then we will turn to the continuous setting and define the analogue of the 
diagonal spaces. We will extend the three versions of Davis' decomposition to the continuous case 
for 1 < p < 2, and, as usual, deduce the inequalities for 2 < p < 00 by duality. However, we will 
meet some difficulty to describe the dual space of our continuous analogue of the diagonal space. 
Hence the continuous analogue of the Davis and Burkholder-Rosenthal inequalities for 2 < p < 00 
stated in Theorem 15.381 is slightly different from the expected result. 

5.1. The discrete case. — Wc first recall the analogue of the Davis decomposition for noncom- 
mutative martingales in the discrete case, then we discuss three stronger versions of this decompo- 
sition which will be useful for extending it to the continuous setting. Let (M n )n>o be a discrete 
filtration. 

Observe that by combining the noncommutative Burkholder-Gundy inequalities (Theorem 12. 6() 
with the noncommutativc Burkholder-Rosenthal inequalities (Theorem I4.7j) we get 

Hp = hp with equivalent norms for 1 < p < 00. 

By a dual approach, it was proved in |22| and |37j that this equality still holds true for p = 1, i.e., 

(5.1) Hi = hi with equivalent norms. 

Moreover, we can show a column version of this result. 

Theorem 5.1. — Let 1 < p < 00. Then the discrete spaces satisfy 

rrc J K + K for \<p<2 

H„ = { , „ with equivalent norms. 

P I h% n hi for 2 < p < 00 q 

5.1.1. The "regular" version of the discrete Davis decomposition. — The Davis decomposition 
stated in Theorem 15.11 can be refined to get a stronger decomposition, involving another diagonal 
space called hp". The regularity properties satisfied by this space make it a good tool for the sequel. 

To see how we may refine Theorem l5.11 wc briefly recall the strategy of its proof. We first show 
the decomposition for 1 < p < 2, then the case 2 < p < 00 is deduced by duality. For 1 < p < 2 
the inclusion hp + hp C Hp is easy, and the reverse inclusion is proved by a dual approach. More 
precisely, we can show that 

(h d p + h c p )* = h d p , n L c p ,mo C L c p ,MO = {H c p y. 

A close look at the dual spaces yields a stronger decomposition. Indeed, observe that for 2 < p' < 00 
and x € L2(M), by the triangle inequality in L p / / / 2 (A'l; £oc) we can write 

sup+£„( J2\d k (x)\ 2 ) ~ !|sup+K(x)| 2 || p , /2 + sup+ej V \d k (x)f 



k>n — — k>n 

Hence we get 

(5-2) \\x\\ l ^mo - max (|| (d n (x)) n IU^jw^J; N 



p'/2 
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Recall that for 2 < p' < oo, L p >{M;l% ) is defined in [HI [34] as the space of all sequences 
x = (x n ) n >o in Lpi(M) such that 

||(Zn)n>0||l v (.M;^ o ) = II (\x n \ 2 )n>0 Wl^.^MM = II SU P + l X " f Hw2 < 00 • 

p ' n>0 

Note that a sequence a; = (x„)„>o in L P '(.M) belongs to L p i (M.; £%) if and only if there exist 
a e Lp'(M) and y = (y n ) n >o C £ 00 (A'l) such that x„ = y„a for all n > 0. Moreover, 

IMIvC^Sj = inf{sup Ht/nlloollallp'}, 

n>0 

where the infimum runs over all factorizations as above. 

Inspired by the duality between L p (M;£i) and L p i (M;£<x,) proved in |21j . we define its predual 
space L p (Ai;£i) as follows. Let 1 < p < 2 and | = | + |. A sequence x = (x„) n >o is in L p (.A/f; 
if there exist bk, n G -^(-M) and afe jn € L q (M) such that 

(5.3) x„ = ^ b% n ak, n 

k>0 

for all n > and 

\b k , n \ 2 e L^M), Yl M 2 eL q/2 (M). 

k.n>0 k,n>0 

We equip L p (M;£i) with the norm 



\l p {M;^) = inf {( E H & 



,2 

fe,n||2 



1/2 I 



E i«Mi a ) 1/a |L} 



fc,n>0 k,n>0 

where the infimum is taken over all factorizations (|5.3|) . In fact this space can be described in an 
easier way. 

Lemma 5.2. — Let 1 < p < 2 and | = | + i. TTien £/ie unit 6a?Z of L p (AA;£i) is the set of all 



sequences (b n a n ) n >o such that 
(5.4) (EW 



1/2 I 



E i a "i 



1/2 



n>0 



n>0 



< 1. 



Proof. — It is clear that a sequence (b n a n ) n >o satisfying (|5.4[) is in the unit ball of L p (J\4;£i). 
Conversely, let x = {x n ) n >o be such that x n = J2k>o ^k n a k,n with 



(E n^) 1/2 |(E 



fe,n>0 



fe,n>0 



1/2 



< 1. 



We first set a' n = I J2k>o l a *v 
iblc. Then considering 



1/2 



By approximation, we may assume that the a^'s are invcrt- 



Vk,n = «fc 



^a'J and b' n = ^ &£,„Wfc,«> 



k>0 



we can write x n = b' n a' n for all n > 0. Moreover, 



|(EKI 



1/2 



)i>0 



and since X)fc>o I^A-^n | 2 = 1 we get 



En fo : 

n>0 



2 

nil 2 



E I E & *U v *>* 

n>0 fc>0 



* E|| (EM* 

n>0 fe>0 

= E \Ml 



E 

n,fc>0 

2 
2 

1/2 2 1 
2 I 



\ak,n\ 



1/2 



(E u M Vfe ' n 

fe>0 



1/2 



k,n>0 



Hence (a' n ) and (bJJ satisfy (|5.4I 



□ 
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Remark 5.3. — This implies that we have a bounded map 

L P {M-Al) — > L P {M;£ C 2 ) 
{b n a n )n>o ' — > E e„,o ® b n a n ■ 

n>0 

Indeed, we can write 

E e n , (8 Mn = ( E e„ >n <g> 6„) f E e„, ® a„ 

n n n 

and the Holder inequality gives for i = | + i 



1/2,, /_ , vl/2 



II E e n ,o ® b w a n < ||y^e n[W ® b„|| II E e„ [0 ® q„ = (E HM2) || (E l a " 

We can now state the following duality. 

Proposition 5-4- — Let 1 < p < 2. Then 

{L p (M; £{))* = L pl {M;t° 00 ) isometrically. 

Proof. — Let x be in the unit ball of L p (A4;£i) and y £ L p /(M.;£%). By Lemma [5.21 for all 
n > we can decompose x n = b n a n where (b n ) and (a n ) satisfy (|5.4p . Then we deduce from the 
Cauchy-Schwarz inequality and the duality between L s (M;£i) and Lpi /^{M.; £qo) that 

E T (v*n x n) = E T (ynbna n ) = E T((y n a* n )*b n ) 

n>0 n>0 n>0 

< (E \\yn<\\l) 1/2 (Y, \k\\i) 1/2 = (E-(iy™i 2 Ki 2 )) 1/2 (E ii 6 



n||2 

n>0 n>0 n>0 n>0 



<iisup+| y j 2 ii^ 2 |EKi 2 | 1/2 (Eii fe «r' 



n>0 



where s denotes the conjugate index of An easy calculation gives s = |, and this yields the 
contractive inclusion L p /(M;£% :> ) C (L p (M;£i))* ■ 

Conversely let ip be a norm one functional on L p (M]£\). We observe that 

(5.5) £i{L p {M)) C LpiM-Jl) contractively. 

Indeed, for a finite sequence x = (x n )^ =0 we can write 



N 

X = 

i=l 



where x % — (x l n ) n >o with x l n — S 7h iXi. By setting 

b l n = 5 n ^Ui\xi\ p/2 and a* = 8 n . i \x l \ p/q , 
where jj = ^ + ^ and .t.; = Mj|xj| denotes the polar decomposition of Xj, we obtain that 

IMIMM^) < (Ell 6 «ll2) 1/2 ||(El a n| 2 ) 1/2 || =ll^l^| P/2 |l2|lk| P/<? lk<ll^ll P , 

Tl>0 Tl>0 9 

for all 1 < i < JV. Then 

JV JV 

II^IIl p (A4;^) < E W^WlAM;^) < E ll- Ti llp = W X Wti(L P (M))- 
i=l i=l 

Since the family of finite sequences is dense in £i(L p (Ai)), this shows (|5.5p . Moreover, the density 
of the family of finite sequences in L p (M.]£\) implies that £\(L p (M.)) is dense in L p (Ai] £\ ). Hence 
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there exists a sequence y — (y n ) in L p >(A4) such that <p(x) = J2 n T (yn x n) for all x = (x„) in 
£i(L p (M)). Then 

Wvh.iM;^) = ||sup + |t/n| 2 ||pv 2 

n 

1 /2 

= sup{(^r(| 2/rl | 2 Cn )) :c n eL+ 2 (N),\\j2cn\\ < l} 

1 /2 

= sup { || y n< 4/ a || |) : c„ e L+ 2 (iV), J 5>„| < l} 

n n 

= S up{^r((y„4/ 2 )*6„) : c„ e L+ /2 (JV), II E C J < 1,^ IIMl < l} 

^ II II q/ 2 J 

n n n 

1 /2 

= supfax) : x n = b n c]'\c n £ L+ /a (JV), |(E l c « /2 | 2 ) I < L^IIM! < l} 

< l. 

Thus y £ By density, the functional ip is uniquely determined by the sequence (y n ) 

and the duality is proved. □ 

Let hp" (resp. h^") be the subspace of L p (M; i\) (resp. consisting of all martingale 

difference sequences. 

Lemma 5. 5. — Let 1 < p < oo . TTien i/ie discrete spaces satisfy 

(i) For 1 < p < 2, h p c is a complemented subspace of L p ( M. ; l\ ) . 
fij^ .For 2 <p < oo, h p x ' c is a complemented subspace of L p (A4; i 1 ^). 

Proof. — We first show that the Stein projection 

D((x n ) n >n) = (d n (x n ))„> 

is bounded on L p (M.;l1) for 1 < p < 2. Let (x n ) n be in the unit ball of L p (M.\t\) and let 
x n = b n a n be the decomposition of x n given by Lemma 15.21 Then for each n we can write 



£ n {x n ) = u n (b* n )* u n (a n ) = u n (b* n )(k)*u n (a n )(k), 



n,k 



where u„(o*)(fc) £ L 2 {M) and u n (a n )(k) £ L q (M). On the one hand, the trace preserving 
property of the conditional expectation gives 



E IMOWII2 = £ T (M 6 »M) = E II 6 ' 



n 112" 



On the other hand, since we have 2 < q < oo for 1 < p < 2, the dual form of the Doob inequality 
yields 



.A' 



?/2 



la„| 2 



Hence (£„(x„))„ £ L p {M;£1) with ||(£n(a;„))„|| Lp (vn;f5) < £' 3 / 2 ' wn ere s ' q / 2 ~ g as g -> 00, p ^ 2. 

A/2 
9/2 



This shows that /ip c is 2o v M2 _com pl ernen ted in Lp(A4;£f) for 1 < p < 2. 



For the second assertion, the noncommutative Doob inequality and the fact that |f n (^n)| — 
£n\x n \ 2 immediately imply that hp"" is 2(S^ 2 -complemented in L p (A4; t%^). □ 

Combining Proposition 15.41 with Lemma 15.51 we get the duality between h p a and hp*?". 

Corollary 5.6. — Let 1 < p < 2. Then the discrete spaces satisfy 

(h p a )* = hp*?" with equivalent norms. 
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Then (|5.2p means that for 1 < p < 2, we have by Corollary! 

{H c p Y = L c p ,MO = h^ n L c p ,mo = + h c p )*. 
This yields the following stronger Davis decomposition. 

Theorem 5. 7. — Let 1 < p < oo . Then the discrete spaces satisfy 

rrc J K C+h P for l<p<2 

H„ = < , f\ ,r, „ „ with equivalent norms. 

p \ h™° n h c p for 2 < p < oo y 

Remark 5.8. - 1. Observe that by interpolation between the cases p = 1 and p = 2 we 
have a contractive inclusion L p (A4;£i) C £ p (L p (A4)) for 1 < p < 2. Thus, considering the 
martingale difference sequences, we get 

h p " C hp contractively for 1 < p < 2. 

Hence the decomposition of Theorem 15.71 is stronger than the usual decomposition stated in 
Theorem 15.11 

2. The advantage of working with the spaces h p c is that, since Ai is finite, they satisfy the 
following regularity property 

h~" C h p " contractively for 1 < p < p < 2, 

whereas the h p spaces do not. However we loose the reflexivity property. 

5.1.2. The "Randrianantoanina's type" version of the discrete Davis decomposition. — As for the 
Burkholdcr-Gundy inequalities in Section [31 we will need a Randrianantoanina's result to apply 
duality in the continuous setting. In [45j . Randrianantoanina proves the following Burkholdcr- 
Rosenthal decomposition at the Z/2-level, with simultaneous control of norms. 

Theorem 5.9. — Let 1 < p < 2 and x e Li{M). Then there exist a,b,c € ^(.M) such that 
(i) x = a + b + c, 

(ii) \\a\\ K + \\b\\ K + \\c\\ h r < C(p)\\x\\ p , 
(Hi) max{||aj| 2 , ||6|| 2 , ||c|j 2 } < f{p, \\x\\ p , \\x\\ 2 ). 
Here C(p) < C(p - l)" 1 as p 1. 

Proof. — The proof is similar to that of Theorem [531 Let x <G L 2 (M), 1 < p < 2 and < 8 < 1 
be such that ^ = 1 — + §. As in the proof of Theorem 13.31 we may write 

(5.6) x = u v 
with 

(5.7) (^(2-^max{!|^|| 1 ,2^| U „|| 2 })f) 1/P < C(p)\\x\\ p 



and 

(5.8) ^||^|| 2 </(p,||x|| p ,||x|| 2 ). 

i/GZ 

We apply Randrianantoanina's decomposition to this sequence {u v ) u . For each ^ € Z, by Theorem 
3.1 of |45| . we may find an absolute constant isT > and three adapted sequences a^ u ',b^ v ' and 
c (l/) such that 

d» K) = o£° + 6^ + , Vn > 

and 

\W {v) \\l 2{ m^) + \\h {v) \\ L2{ M;m + W^Wmm < ^ll^lb, 



68 



MARIUS JUNGE & MATHILDE PERRIN 



E e «.n®^ r II (E^-^i 2 ) 1/2 + ||(E £ »- i K# ) )*i 2 



1/2 

1,00 

< A-||tt„||i. 

Then wc set 

a n = Y J "k\ ^ = E 6 » ) and C " = E C » ) ' 

and obtain three adapted sequences a = (a n ) n ,b = (b n ) n and c = (c n ) n . Using the fact that for 
any scmifinite von Neumann algebra Af we have 

L P (N) = [L 1<00 (Af),L 2 (Af)] e , p; j, 

and (|3.7p . we can show that 



1/2 



) - 1 1 1 ^ I 



n>0 n>0 ri>0 

Applying the Stein projection T> to the sequences a, 6 and c we obtain three martingales. We set 

a' = 25(a), 6' = 25(6) and c' = 25(c). 

Then wc have 

d n (x) = d n (a') + d n (b') + d n (d) Vn > 0. 
Moreover, since any conditional expectation £ is a contractive projection in L p (M) and satisfies 
£{y)*£{y) < £(y*y), we get 

\\a%, + \\b% } + \\c'\\ h r<C'(p-l)- 1 \\x\\ p . 

It remains to prove the ^-estimate (iii). This comes from (|5.8[) by writing 

Ho'Ha = IIWH2 < 2||a|| a < 2E h {u) \\L 2{M ^) < 2KY,\Kh < 2Kf(p, \\x\\ p , \\x\\ 2 ). 

The estimates for b' and d are similar. □ 

We can derive a column version of Theorem 15.01 which is the following version of the Davis 
decomposition at the Z/2-level. 

Corollary 5.10. — Let (A^„)™ =0 be a finite filtration of M. Let 1 < p < 2 and x <G L^i^M). 
Then there exist a,b € L 2 {A4) such that 

(i) x = a + b, 

(ii) ||o|U- + ||6|| h 5<C(p)||x|| ff ., 

(iii) max{||a|| 2 , ||6|| 2 } < f(p, \\a;\\H°,\\ x h)> 
where C(p) < C(p — as p — > 1. 



Proof. — Wc apply Theorem 15.91 to the element 

m 

y = E e ™'° ® 

71=0 

Here we consider the finite von Neumann algebra N = B{P 2 n+1 )®M equipped with the filtration 
Af n = B(e™ +1 )®M n - We have to be careful with the tr ace we consider on Af. The natural trace 
on Af is tr^A = tr ® r, where tr denotes the usual trace on B{£™ +1 ). This trace is finite, but not 
normalized. Since Theorem 3.1 of |45j have been proved for a normalized trace, we will also need 
to consider the normalized trace T/v = g) r. Observe that 

hWL^MMM) = \\ x h and \\y\\ L p (Af, tr^) = \\x\\h-- 

As in the proof of Theorcm l3.10[ we can find a sequence {u v ) u such that y = X^gz Uv "with 
(5.9) (E(2^n 1 ax{||^|| Ll(A ,, trA , ) ,2H|^|| i2 (Ar,t w )}) p ) * < C(p)\\y\\ L 

p (MMn) — C{p)\\x\\h^ 

i/ez 



THEORY OF "Hp-SPACES FOR CONTINUOUS FILTRATIONS 



69 



and 



(5.10) IKIU2CA/> V ) < f(p, IMU p (JV>*w)> ||2/||i 3 (jV,tr^)) = /(p, IMIff-, II ^11 2) - 

Applying Theorem 3.1 of |45j in (AT, tj^) for each v € Z, we may find an absolute constant X > 
and three adapted sequences a'") , W 1 ' and c'"-' such that 

d n (u v )=aM+bM+c%\ Vn>0 



and 
(5.11) 

(5.12) 



l|a M |U 2 (A/-,r^§) + ||& (l/) |U 2 (Ar,r V ;^) + ||c M |U 2 (AA,rAr;^) < ^IKIIM-^.w) ' 

1/2 



>i>0 







n>0 



ii,oo(B(-«2)®Ar,tr(8TAr) 
1/2 

£i,oo(AT,TAr) 



n>0 

< #IKII-Li(A/>Ar)- 



il,eo(JV,TV) 



We would like to obtain the same estimates with respect to the trace trjv" to use the interpolation 
argument and (|5.9[) . Note that for z S L\(Af), we have 

ll-IU^tr^) = (m+ 1)||z|| Li(a a, TjV) , ||2||L 1 , 00 (A/\t w ) = ( m + 1 )lklUi, 00 (AT, w ) 
and for z G La(A0 we have 



||z||z, 2 (AA,tr Af ) = v / m + l||z|| i2 ( J v w )- 



Hence multiplying (|5.11|) and (|5.12|) by V TO + 1 and (m + 1) respectively, we get the same es- 
timates with respect to the trace trjv". Thus we may control the J-functionals for w- v > ,w-"' and 
c^> in (Li !00 (Af,trj^),L2(Af,ticj^)) by the J-functional of u v in (Li(Af, trj^), Li2{N, trjv - )), which is 
bounded by C(p)||x|| by (|5.9j) . Then applying the Stein projection we get three elements a,b,c 
in L-ziN) such that 

y = a + b + c 

and 

IMU^AAtrAr) + \\b\\h$(SS,tT„) + l|c|U ; (AA,trAr) < C(p)||x|| ff c , 

max{||a|| L2 (^ itr ^ ) , IHU^tr^), IMU^trAr)} < f(p, \\x\\h-,\\x\\ 2 ). 
Now we deduce a decomposition of x satisfying (ii) and (iii) as follows. We consider the following 
projections in M 

e = ^eii,»®l and / = eo,o ® 1. 
Since y has a column structure we have y = eyf, hence y = eaf + ebf + ecf. Writing 



wc have 



= E e.k,n ® a,k, n 
k,n>0 

/ = ^ e n>0 ® a n>0 



6 = E e k , r 

k,n>0 



b k , n and c = ^ e fc ,„ 



k,n>0 



ebf = ^ e nfi ® &n,o and ec/ = ^ e„, ® c„ i0 - 

n>0 ra>0 n>0 

Since = e„ ; o ® we get 

d n (x) = d n (a nfi ) + d n (b nt o) + d n (c nfl ) \fn > 0. 

Finally we set 

a=^]4K,o) > # = X! - 7 = ^ 4i(c ra ,o), 

n>0 ra>0 n>0 

and obtain three elements in Li{M) such that x = a + ft + 7. It is clear that a, ft and 7 verify 
the ^-estimate (iii). Note that here we want a decomposition of x in two elements. We will show 
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that a £ hp, {3 £ and that the third element 7 is in the diagonal space hp 1 . Let us first observe 
that since e, / € A/o = /8(^™ +1 )<§>.Moj we deduce from the module property that 



(5.13) 



l|ea/ll/^(A/\tr jV ) + M/llwAAtrv) + \\ecf\\ h r(MMN) < C{p)\\x\\ Hi - 



Indeed, the estimate of the first term comes from the fact that e and / are projections, and for the 
second term we write 

£ n ^\d n (ebf)\ 2 = f n _ 1 |ed„(6)/| 2 = £ n ^(fd n (b)*ed n (b)f) 
= f£n-i(dn(b)*ed n {b))f < f£ n ^\d n (b)\ 2 f. 

Then ||e&/||fcc(./v ,t w ) < II^IU^A^trjv)- The third term is similar. For the term a we have 

\H\ h} = (Y / \\ d nM\\;) 1/P = (ElKl d "(^0)| 2 ) 1/2 Hp) 1/P 



n k 

= (j^\\ d n(eaf)\\ p Lp{ ^ tm) 

n 

We proceed similarly for the term /3 

lull's = ||(lX-iK(&»,o 



2\ 1/2 \\ p \ 1/p rx^wxr j , , 

=(/,/, e fe , (8 a n (afe,o, 



up 
i/p 



p \ i/p 



\eaf\\h$(M,tr M )- 



1/2 



< 



I f y^g„-i|d„(b fc ,o) 



1/2 



1/2 



2 \ 1/2| 



L p (A/',tr A f) 
= ll e& /IUE(AA,tw)- 



|d„(e&/)| 

n 

Finally for the term 7 we write 

n n 

= Diagf V" e fc „ ® d n (ck,o) )\\ 



i/p 



where Diag denotes the diagonal projection in J\f. Since the diagonal projection is bounded on 
L P (A/", trjv), it remains to estimate 



L„(8(£™ +1 )W,tr®tr A r) 



^ e ,„ «) e fei0 <8> d n (c kt0 ) 

fc,71 

= l|ec/|| fc r(^ )trjv .). 

Then, using (|5.13l) . we deduce (ii) and the Theorem follows for the decomposition 

x = (a + 7) + j8. 



□ 



As in Corollary I3.9[ Corollary 15 . 101 can be translated by using the EH-sum as follows. 

Corollary 5.11. — Let 1 < p < 2. T/ien i/ie discrete spaces satisfy 

Hp = hpS hp with equivalent norms. 
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5.1.3. The "mixed" version of the discrete Davis decomposition. — It is natural to wonder whether 
the Davis decomposition involving the regular diagonal space h p c established in the subsection 
15.1.11 can be done with a simultaneous control of norms, in the spirit of Randrianantoanina's 
decompositions. In term of EB-sum, we can easily establish that 

Theorem 5.12. — Let 1 < p < 2. Then the discrete spaces satisfy 



Hi 



h p a EB with equivalent norms. 



Proof. — We first look at the dual spaces and claim that if x = (xi,x 2 ) E (h p c EE! h p )* , then 

(5.U) X2 e (/£«)* n (h c p y = l;,mo = {h;y = (hi' + h c p y. 

Then we can deduce that the quotient map q : h p a 33 h p — > h p c +h p is injective. Hence the two sums 
h p c S3h p and h p a +h p coincide isometrically, and the result follows from Thcorem l5 . 71 with the same 
constant in the equivalence of the norms. To see (|5.14[) . we consider x = (xi,x 2 ) G (h p c EB h p )* . 
Then by Lemma 1X71 we have x\ € (h p c )* , x 2 € {hp)* = L p ,mo C L 2 (M) and (xi,y) = (x 2 ,y) for 
all y € L 2 (M) n h p c . Hence for y 6 L 2 (M) n h p c we have 

\{x 2l y)\ = \{xi,y)\ < Ikill^o^Hyll^ic. 

By density of L 2 (M.) n h p " in h p a we conclude that x 2 € (h p c )* and (|5. 14[) follows. □ 

The continuous case will be more complicated, and we need to introduce some notations and 
prove some preliminary results in the discrete case to extend Theorem 15.121 to the continuous 
setting later in subsection 15.3.31 We can view H p as a subset of the conditioned column space 

>o 



L p ond (M;£ 2 ) introduced in |21j . Recall that for 1 < p < oo and any finite sequence 
in Ai, we set 



(*£n )n 



|z|Uo„c 



1/2 



n>0 



Then j| • j|L c °" d (A4;£§) defines a norm on the family of finite sequences of Ai. We denote by 
L p ond (Ai;£ 2 ) the corresponding completion, and H p clearly embeds isometrically into L p ° nd (Ai;£ 2 ). 
The L p ond (A4;£ 2 )-norm can be characterized in an atomic way. 

Lemma 5.13. — Let 1 < p < 2, - = ^ + - and x = (x„)„>o be a finite sequence of Ai. Then 



(I) 



1/2 



inf 

X n =b n W n 



P 

1/2, 



sup 1 U),- 



+ «£ll$<IMU S 



< inf 

x n — b n w n 
w n eL+(M„) 



1/2, 



jsup iu 



+ ,„2|| 1 /2 



n 



\q/2- 



Proof. — Recall that ||sup l; 



'wl\\ q /2 



= mf {I 



< u> for all n > 0. Then we may write w Tl 

ll™l|2 



Hl?^ : w n < w,Vn > 0}. We first consider a 
for all n > 0. Let 
Vniu 1 / 2 for all n, with ||w n ||oo < 1- We obtain 



decomposition x n = 6„w„ such that w n G L+(.M n ) for all n > 0. Let w € L^ 2 (.M) ^ e sucn that 



< 



< 



E ^ (^nl&nl 2 ? 
ri>0 

E "n^nlMVi 
n>0 

'EiiMi 



P/2 I 
1/211 2 



?l>0 



/2 



P/2 



ri>0 



-((^MY / V.<(^|&«lY /2 ))lMI 9 / 



9/2- 



n>0 
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Thus taking the infimum yields the second inequality. For the first one we consider a finite sequence 
x = {x n )n>0 in M.. By approximation, we may assume that B = I X)n>o ^n\x n \ 2 ) is invcrtiblc. 

1/2 



For n>0we set B n 



E 



k x k 



0<k<r 



GL+(M n )- Following [2j, we can show that 



(5.15) 



r{Bl - Bl_ x ) > \r{Bl-\Bl B\_ x )) = P -t(B^ E n \x n f) . 



Setting w n = B n 2 and b n = x n B£ we get x n = b n w n with w n € L+(.M n ). Moreover, since 
< 1 - § < ± and B 2 < 5 2 , we have u> 2 < B 2 ~p. We deduce that 



|sup+i£;*||$ < \\B 2 -%/ 2 2 = \\B\\*'* 



\p/i 



The other estimates comes from f|5 . 1 5[) 

1/2 



( E iims) i/z = (E ^bI^ki^I- 1 )) 172 = ( 53 r(sr 2 £ n Ki 2 ) 



1/2 



n>0 



n>0 

^ (;)" 2 (E t ( b :- s '-i)) 1/2 = ( 

^ n>0 



n>0 



2 V /2 „.„p/ 2 



lL-" d (A4;^)- 



This proves the first inequality. 



□ 



We will give an explicit decomposition of H° = h p c + h p by using this characterization. To 
establish the control of the norms, for technical reasons we need to recall the definition of the space 
L p (M.;£i) introduced in }21j . For 1 < p < 2, a sequence x = (x n ) n >o belongs to L p (M;£i) if there 
are b k , n , ak,n € L 2p (M) such that x n = J2 k >o K,n a k,n for all n and 

J2 b *k,nh,n G L p (M) , ^ afc,„afc,n G L P (M). 



k.n>0 



k,n>0 



Then L p (M;£i) is a Banach space when equipped with the norm 



IWUptA^o = inf II 53 



fc,n>0 



1/2 I 



E a k,n a k,n 
k,n>0 



1/2 > 



where the infimum is taken over all (bk, n ) and (afc,n) as above. Recall that for a positive sequence 
£ = (x n )n>o we have 

lklU„(M;^) = yZ x n\\ ■ 
II ' — ' lip 

n>0 

We will use the following inclusion. 

Lemma 5.14- — Let 1 < q < 00. Then 

L q (M ; £1 ) C L q (M ; l\ ) contractively. 

Proof. — Since the spaces L q (A4;£i) and L q {M.\£^) interpolate, it suffices to prove the result for 
q = 1 and q = 00. The case q = 1 is clear. For q = 00, let x„ = X)fc>o b k n a fc,« be such that 



E b l.n b k. 



k.n>0 



< 1 and 



E a k,n a k,n 
k,n>0 



< 1. 



1/2 



We set a n = y^2k a k n a k.nj ■ By approximation, we may assume that the a n 's are invcrtible. 
Then considering Vk, n = i/fc^a" 1 and 6„ = ^2 k 5£ n Vk,n, we can write x„ = 6„a„. Note that 
Efe w fc,„ u fc,« = 1 and 



||Moo< \\Yl b tnh 



k>0 



1/2, 



E V *k,nVk,n 
k>0 



1/2 



< 1. 
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Then 



13 x n x n = 13 a nK b na n < 13 a* n a n = ^ a *k,n a k,n < L 



n>0 



k,n>0 



which proves the result for q = oo. 



□ 



We can now establish the decomposition of an element x G I^CM) in hp" + hp. However, in this 
case we cannot get directly such a decomposition in Li{M) with a simultaneous control of h p and 
L-i norms, but we are able to approximate x with elements for which we have such a simultaneous 
control of norms. 

Proposition 5.15. — Let l<p<2,p<po< -j-^ and x <G L2(A4). Then there exist two 
families (ot)t>o an d (&t)t>o i n L%(M.) such that 
(i) x = lim ar + 6t in U l L , 

T->oo pa 

(ii) \\a T \\ h i, + \\b T \\hr p < C(p)\\x\\ H c for all T > 0, 
(in) max{||a T ||2, H&tIW < g{p, \\x\\ H c,T) for all T > 0. 

Proof. — Let x £ /^(-M). Following the proof of Lemma \5. 131 we set 



1/2 



B = (J2\ d n( X )\ 2 ) > B n=( J2 K(- T )| 2 ) aild ™n=B 



1/2 



n>0 



0<fc<n 



£-1 



By approximation, we may assume that B is invertible and set b n = d n (x)B£ so that d n (x) 
b n w n for all n > and 

'EllM5) 1/a <® 1/a W^ ^d ||sup+^n;/ 2 2 < \\xfj2. 

P F n F 



n>0 



Fix T > 0. We consider the spectral projections 



n>0 



1 /2 

l((^(w„ - w„_i) 2 ) < r),e^ 2) = ifs 1 -? < r) and e T = e^Ae 



,(1) A .(2) 
-T ■ 



We set 



«t = 2J d n (b n (w n - w n -i)£ n {e T )) and 6 T = 13 4(Mn-i^-i(er)). 

n>0 n>0 

We first check that ay and &t satisfy the estimates (ii) and (iii). Since hp" is complemented in 
L p (Ai ;£l) by Lemma 15. 5[ we have for ^ = | + | 

Ikrllae < C p ||(&„(u; n - w n _i)f„(eT)) n ||i p (Ai ; £j) 



1 /2 



1/2 



Since w n £ L+(.M„) and < iu„ we have by Stein's inequality 



1 /2 

f 13 \( w ™ ~ w n -i)£ n (eT)\ 2 ^ = I ( 13 |£ n ((w„ - w„_i)e T )| 



n>0 



1/2 



n>0 



1/2 



- 7 « ( 13 - w «-i)eT| 2 J = 7g erf 13 ( w » ~ w»_i) 2 )e T 



1/2 
9/2 



1/2 



<7g y3( w «- w «-i) 2 ; < 7g 13 ( w « ~ =7 g ||S 1 3 || g = 7? ||a;||^ 



ri>0 



p/<3 
1/2 



p) "fq\\ x \\Hc 
For estimating we will use the well-known fact 

(5.16) £„_i|£„(a„) - £ n -i(a n )\ 2 = £„_i|£„(a„)| 2 - |£„_i(a n )| 2 

< £ n -i\£ n (a n )\ 2 < £ n -i(£ n \a n \ 2 ) = £ n -\\a n \ 2 
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to write 



||6r|U« < ||(E £ ™-il 5 

w n -i£ n -i(e T )\' 



1/2 



Then by the same argument than the one we used in the first part of the proof of Lemma 15.131 we 
obtain 

1/2, 



\\b T \\ K < (E||6„||^) i "'||sup+K_ 1 £ n _ 1 ( eT )| 2 ||^ 



Tl>0 



1/2 



<(EiiM2)*'1i«ip + ««-iiiK<® 1/a w« 



Tl>0 



This proves (ii). We now turn to the estimate of the L2-norms. By definition of ex we can write 

\\(w n - lO n -l)5n(eT)||cx> = \\£n{{w n - IU„- 1 )e T ) || oo 

< || (w„ - w„_i)e T ||oo = ||eT(^« ~ u>„_i) 2 e T ||^ 2 

< lle^K-^-O^^llV 2 <T 



and 



Thus 



and 



||«>n-i£n-i(eT)||oo = \\£ n-i (w n ^ie T ) \\ ^ < ||tw n _ieT||oo = lleTW^-ierll^ 2 



<ll4 2) ^-ie^ 2) l!^<ll4 2) 5 2 -^ 2) ||^<r. 



or||2 < 2(E||6„|| 2 ) 1/2 sup||K- U ; n _ 1 )f n ( eT )|| 00 < 2(-Y''\\x\\ p ^T 



2\ 1 /2, 



ri>0 



||6r|| 2 <2(E||&„|| 2 ) 1/2 sup|| w , i _ 1 f„_ 1 (e T )||oo < 2(-) 1/ "||x||^T. 

n>0 n P 



H° o . We set 



1/2, 



We obtain (iii) with g(p, \\x\\h c ,T) = 2( - J IMIjycT 1 - It remains to prove the convergence (i) in 



Vt=/ j d n (b n {w„ - w n -i)£ w (l - e T )) and z T = E d„(6„u; n _i£ ri _i(l - e T ))- 

n>0 

r + zt and Theorem 15.71 implies 

Hz - (or + br)||jr« < C{ Po )(\\ij T \\ hl c + \\z t \\ Kq ). 

r(l-e T )<2T-«H^. 

) v (i - 4 

r(l - e T ) < r(l - 4 :) ) + r(l - 4 2) ). 



n>0 

Then a; — (<Zt + &r) = J/t + z t and Theorem 15 . 71 implies 
(5.17) 

Observe that 
(5.18) 

Indeed, since 1 — ct = 1 — (4^ A 4') = (1 — 4') v (1 — 4 )> we nave 



Moreover, Lemma T5. 141 yields 



1/2 



r(l - 4 1} ) = r(l(( - ^-i) 2 ) > T) ) < T- f 'r(( - u^-i) 



9/2 



n>0 



< 



7 1 9 ^(^n - l«n-l) 



T - 9 , 



IB*) 



n>0 



r(l - e£>) - rflfS 1 -? > T) ) < T^t{B^~^) = T-«||i||^ c 



and 



This proves (|5.18p . As for ax we can write for = ^ + ^ 



w^<c P (Eii 6 



2 

''"ll 2 



1/2 I 



n>0 



E |(w„ - w n _i)£„(l - e T )|' 

n>0 



1/2 
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Let s = tt^— . Since po < -r~ we have qo < s. Thus we can consider q^ < ro < oo such that 

Z p 4 p 

— = - + —. By Stein's inequality we have 

qo s r J 



1/2 



n>0 



1/2 



1/2 



^ \£ n ((w n - W„-l)(l - e T ))| 

n>0 

- 7< ?«|(E ~ ^"-iX 1 _ e ^)| 2 

?o 1 1 C 1 - e T)(X!( u; ™ - ^«-i) 2 )(l - e T ) 



n>0 



1/2 
9o/2 



n>0 



1/2 
s/2 



Lemma 15.141 implies 

II E< 

n>0 



W n - W n -i) 



1/2 
.s/2 



<||5>n-™n-l) =||B 1 -«|| S .= || 3 ;|| 



2/.s 
2 • 



By using (|5.18|) we obtain 

1 1 2/t 1 1 fcjc < C plqo 
We estimate Zt as we did for bx by 



n>0 

P 



2 l/ro r - 9 Ao|| a ,j|^+-o)|| ;L ,||2A_ 



1/2 



^ E UMl) ||8UP + |«>n-l£n-l(l - eT)| 2 || 



2 || 1/2 

go/2 - 



n>0 



Since (1 — e<r)if4_i(l — e<r) < (1 — ct)B 2 p (1 — er), we have 

|£„_iK_i (1 - e T ))| 2 < £„_iK_i(l - e T )| 2 < ^.xl^-SCl - e T )| 2 
and the noncommutative Doob inequality gives 
||sup + |t(;n-i^n-i(l - gt)| 2 |L ci /2 = ||sup + |f n _i(w;„_i(l - e T ))| 5 



< Hsup+^xl^-fCl-er)! 2 



I go/2 



I go/2 



< ^/alUB^ta - eT )| 2 || 90 /2 = <W 2 ||(1 - e T )B^(l - e T )|| 3o/2 

< ||1 - e T|| 2 ||B 2 - p || s /2 < 2 2 /- OT -2 9 /r || a; ||2p/ro|| :c| |4/ s 

1/2 2 i/ro T -g/r || a; ||JJ + ^ ) II^H^. 



Thus 



By (|5.17p . we obtain that 

II* - (or + Mlk < C(p ) po)T-'/^||i||2? + ^ ) ||x|l2 / '. 
and taking the limit as T tends to 00 yields (i). □ 

Remark 5.16. — It is important to note that for all T > we obtained a uniform bound 

\\x (or + br)\\ H c o < C(p,p )T-^\\x\\ P ^ + ^\\x\\l /s , 
where s = 75-^— and — = — — k — -. 

2-p r po 2 s 

Observe that we may deduce from the proof of Proposition 15.151 an explicit decomposition of 
Hp = h p c + h^. This gives a constructive proof of Theorem 15.71 Indeed, for x € L 2 (.M) we can set 

x lc = ^ d n {b n (w n - W n -i)) and x c = ^ d n (b„w„-i), 



n>Q 



n>0 
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where w n = (^J2o<k<n Mfc( x )| 2 ) ^ * an d b n = d n (x)w n 1 (here we assume that J2n\dn(x)\ 2 is 
invertiblc). Then x — x lc + x c and it follows from the proof of Proposition 15 . 15l that 

\\x^\\ hlc +\\x c \\ H <C{p)\\x\\ H c. 

In fact, this explicit decomposition can be done at the level of the column L p spaces. More precisely, 
we can define the space L p ° nd ~(M; i 2 ) by setting 

for 1 < p < oo and x = (x„)„>o a finite sequence in A4. Then we might prove constructively that 

(5.19) L c p ond (M;£ c 2 ) = L 9 (M;tZ) + L c ° nd ~ [M] i c 2 ) with equivalent norms for 1 < p < 2. 

Even if we will not use it in this paper, it is worth mentioning that ()5. 19[) implies 

Hp is complemented in L p ° nd (M;£ 2 ) for 1 < p < oo. 

Indeed, this is easy to see for 1 < p < oo by Stein's inequality. For p — 1, this follows from (|5.19l) 
and from the fact that h\ is complemented in Li° nd ~(A4 ; £ 2 ) (by (|5.16|l ) and h\" is complemented 
in L\{M.;lf) (by Lemma [ 



5.2. Definition of diagonal spaces for 1 < p < 2 and basic properties. — We fix an 

ultrafilter U. For ieM and 1 < p < 2, whenever the limits exist, we define 

\\x\\ hdp =lim\\x\\ hdp{a) and ||x|| h i c = Urn ||x|| h i 0((T) . 

Observe that by interpolation between the cases p = 1 and p = 2 and Rcmark l5.8l we have 

^\\x\\ p < \\x\\ h * < \\x\\ h i c . 

Hence || • || h d and || • || h i c define two norms for 1 < p < 2. 

The discrete diagonal norms also satisfy some monotonicity properties. 

Lemma 5.17. — Let 1 < p < 2, x £ Ai and a C cr' . Then 

(l) \\A\h*(<r) < 2 \\ x \\h*{o')- Hence 

\\x\\ h d < SUpHxUftd^) < 2\\x\\ h d. 

(7 

( U ) IMIfcJ"^) ^ W^hl^a')- HeTlCe 

\\x\\ h u =sup||a;|| h i c(CT) . 

cr 

Proof. — Let cr C cr' . By interpolation between the cases p = 1 and p = 2 we have for 1 < p < 2 
and (€(T 

K(x)\\ P = J E ^ 2 ( E \K'( x )\\l)K 

where It denotes the collection of s £ a' such that t~(a) < s~(cr') < s < t. Thus 

IMUg(<r) < 2||x|Ud ((T , ) . 

For (ii), we show that for a C cr' we have a contractive map 

L p (X;^(a')) — > L p (M;^(tr)) 

(x s ) s g CT ' 1 ^ { x t)te<r = ( 'y ] x s 

sG-Tt 

Since for xeMwe have (x)) sGcr ') = (c^(x)) te<J , this will yield the required result for hp c . 

Let x = (x s ) se<T < be in the unit ball of L p (A4; ^J(cr')), then by Lemma 15.21 we may write x s = b s a s 
for all s G cr' with 



1/2 I, / _ , v 1/2 



i^i 2 



< 1, 
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where | = \ + |. Then £(x) = f ^ 6 s a s ) is of the form ([53]) with 

sei t 



1/2 



tGir 
1/2 



( E W)""K E wT\ = (X>»»riKX: 



1/2 1 1 / \ 1/2 

' II ' ■ |2 X ' 

a J 



< 1. 



Hence £(x) is in the unit ball of L p {M.](.\{a)). □ 

Corollary 5.18. — Let 1 < p < 2. T/ien £/ie norms || • || h d and || • || h i c do not depend on the 
choice of the ultrafilter IA, up to a constant. 

Definition 5.19. — Let 1 < p < 2. We define 

hp = {x G L p (M) : \\x\\ h d < oo} and hp c L p (M) : \\x\\ h i c < oo}. 

Adapting the proof of Proposition 12.271 we can show that these define two Banach spaces. By 
Remark l5.8l (1) we have 

hp c C hp contractively for 1 < p < 2. 
For technical reasons these spaces are too large. Hence we need to introduce their regularized 
versions as follows. Note that by the regularity property of the hp" (cr)-spaces stated in Remark l5.8l 
and the fact that hp c is a subspace of L P (M), we have 

h~ c C hp c contractively for 1 < p <p < 2. 

Definition 5.20. — Let 1 < p < 2. We define 

h d p = L 2 (M) nh^' Ldp and hj" = [jh 1 / 

Remark 5.21. 1. At this point it is not obvious that the set /^(-M) D hp is non trivial. We 

will show later that this definition of hp actually makes sense. 
2. Note that for 1 < p < 2 we have bounded inclusions 

hp" Ch^ C L p (M) and h*° C hj» C L P {M). 

Since by Proposition 12.261 we have an injective map H p «-> L p (A4), this implies that the 
natural bounded maps 

h^ H p and h^ ^ H c p 

are injectives. Similarly, since Proposition 14.251 implies that for 1 < p < 2 the natural map 
hp L p (A4) is injective, we deduce that the map 

is injective for 1 < p < 2. For p = 1 we have LhJ ^ "Hf . Hence in what follows we will 
consider the spaces hp, hp c and hp as subspaces of for 1 < p < 2 and hf , hj c and Lh^ as 
subspaces of HI- 

5.3. Davis decomposition for 1 < p < 2. — Equipped with the diagonal spaces hp and 
hp c defined in subsection 15.21 , we can now extend the three versions of the Davis decomposition 
presented in subsection 15 . II to the continuous setting. Since we will consider the weak limit of the 
discrete case, we will need the following Lemma. 

Lemma 5.22. — Let 1 < p < 2. 

(i) Let p <p<2 be such thatp > 1 and (x a ) a be an uniformly bounded family in L p (M). Then 

\\w-L p -\i-mx a \\.i c < UmUxo-ILic, v 

(ii) Let {xu) a be an uniformly bounded family in Li{M). Then 

\\w-L 2 -\imx (J \\ U d < 21im||.T (7 || ?l d (CT) . 

a.U p a.U p 
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(Hi) Let {x a ) a be an uniformly bounded family in L2(Ai). Then 

||u;-L 2 -lima; .||hc < 2 1/p lim \\ XlJ \\ hi{<T] . 

Proof. — We first consider assertion (i) and set x — w-Lp-\\m a jx x a . We fix a partition o~q and 
e > 0. We can find a sequence of positive numbers {a m )m=i such that J2 m a ™ = 1> an< ^ partitions 
cr 1 , a M containing ctq such that 



E 



&mXn 



and 



We write 



I^)<(1 + e)Hm|W 



< e 



for all m = 1, ■ • • ,M. 



p C (<T0) 



< 



E 1 



h P a (<ro) 



The last inequality comes from the fact that for l<p<2,zG L p (AA) and o~o a hnite partition we 
have 



(5.20) 



<2|a |||z|| p <2|a |||z|| i j. 



Indeed, by the triangle inequality in h p -=(a ) we have H^ll^e^j < J2tea \\ d t" (^Wh 1 / (a )- Wc can 
write (S Si tdt (z)) s( : ao = (b s a s ) _ _ with 



b s = 5 s , t v t \d1°{z)\ p l 2 and a s = S B , t \d^(z)\ p ^, 
where d^°(z) = Vt\d1°{z)\ is the polar decomposition of d%°(z) and - = \ + |. Then we obtain 

IK° WIUjc ((To) < IkK WI P/2 || 2 ||K WI P/9 || 9 < IK°(*)II*> < 2\\z\\ P 

and (|5.20j) follows. Since o"o C cr m we get by Lemma T5 . 1 71 

IMI h J. (ott ) < 2\<7 Q \e + ^2a m \\x am \\ hlpC{(jm) < 2| ( T |e + (l + £)lim||a; (T || h i c((T) . 

m 

Sending e to and taking the supremum over o"o yields (i). Assertion (ii) follows similarly from 
the fact that the Holder inequality in £ p (cr; L p {M.)) gives for z <E L-2(A4) and a finite partition a 

lklU*(<7) = IIK( ;z ))te CT ||£ p ( -;L p (A4)) < M 1/<? l|z||2 

for 1 < p < 2 and jj = ^ + -. The last point may be proved with the same kind of argument, by 
using the fact that ||z||h£ < ||z||2 and Lemma T4. 131 □ 

5.3.1. The "regular" version of the Davis decomposition. 
IBTFlfor 1 < p < 2 is 



The continuous analogue of Theorem 



Theorem 5.23. — Let 1 < p < 2. Then 

(i) n; = hj- + / r i< P < 2, 

ft) Wf = hj° + Lhf, 
wi£/i equivalent norms. 

Proof. — Let 1 < p < 2 and i e M be such that ||x||«c < 1. By Lemma 12.251 there exists 
1 < p < p < 2 such that ||x||-H£ < 1. Wc apply Theorem 15.71 to each partition a and p and get a 
decomposition x = a a + b a with a a G h~ (a) , 6 CT <G h~(o~) and 
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Here C(p) denotes the constant in the equivalence H~(a) — h~ c (a) + h~(a). Hence it does not 
depend on a and is bounded as p — > 1. For each a we have 

\\a a \\p < 2||a .|| /l i o(0 . ) < 2C{p)\\x\\ H ^ lj) . 
Thus the family (a a ) a is uniformly bounded in the reflexive space Lp(M) and we can consider 



a = w-Lp- lim a a £ Lp(A4 ) . 

(T,U 



By Lemma 15.221 (i) we obtain 



lolLic < lim I 



aAA p K ' 



Then we deduce that a £ h~ c C h^". We now turn to the fo-terms. Since the h~(a) -norms are 
decreasing in a by Lemma 14.131 for each a we have 

(5.21) b a £ h~(o~) C h~ with ||^|| h c < 2 1 /p||^|| /i|((t) . 

Indeed, by the density of /^(-M) in h~(a) there exists a sequence in L^iM.) which converges 

in h~(a) to b a . By Lemma [4. 131 (b™)„ is also a Cauchy sequence in h~, hence converges in h~ to 
b^. We get two operators b a and 6^. in Lp{ftA) thanks to Proposition ^. 251 and we can easily check 
that T{y*b a ) = r(y*b' (T ) for all y £ L^^M). Then b a = b' a £ h| with 

||6 ff || h| = Um||6"|| h| < 2 1 /?]i m ||65|| h = 2^116.11^). 

Hence the family (& (T ) (T is uniformly bounded in the reflexive space h~ and we can consider 



Moreover we have 



b = w-h c ~-\\mb a £ h~. 

P a,U P 



|6|| h |<lim||fe CT || h| <2 1 /Him||6 ff || h . (CT) . 



Since the family (& <T ) (T is also uniformly bounded in the reflexive space Lp(M), the weak-limit of 
the 6cr's in Lp(M.) exists and coincide with b for h~ C Lp(Ai). Then we obtain x = a + b with 
a £ hp c and b £ h~ C h c p for 1 < p < 2, b £ h~ C Lhq by Remark [4T291 The above estimates give 

Nlhjc + 11%; < ||a|| h ic + 11% 

< ^\K\\hl"(a) + 2l/Plim II^II^M 

a - , LA p v 7 (T,IA p 

<2 1 /PC(p)lun\\x\\ Hlia) <2 1 ^C(p). 

Since 2 1 ^C(p) is bounded as p — > 1 we may obtain a bound independant of the choice of p, say 
sup p< p <1+p y 2 2 1/,p C(p). This concludes the proof of the Theorem. □ 

We can now deduce the continuous analogue of Theorem 15.11 i.e., the Davis decomposition 
involving the space h^. To do this we need to extend Remark l5.8l (l) to the continuous setting. This 
is not trivial, it comes from the following density result based on the notion of p-equiintcgrability. 

Lemma 5.24- — Let 1 < p < 2. Then L2{M) n hp° is dense in hj,". 

Proof. — Let x £ hp c and e > 0. By definition it suffices to consider x £ h~ c for some 1 < p < p < 2. 
We suppose that ||£|| h ic < C. Let q > q be such that i = i + A and i = i + i. By Lemma T5. 171 
for each a we can decompose d%(x) = b a (t)a a (t) with 



£iiM^) 1/2 |(EM*)r x 



_ < c - 

1 



tea tea 

We may assume that 

!/ 2 11/ x-^ \ 1/2 



(£iim*)iii) <! and ||(£m*)i ! 

tea tea 



1 



80 



MARIUS JUNGE & MATHILDE PERRIN 



We set 

with 
(5.22) 

Then we have 
(5.23) 

and 



(t) = a a (t)t(Y,M)\ 2 <T 



tea 



2q 2q 



E M*)i 2 = II (E M*)i 2 ME i°'( f )i 2 ^ T 



tea 



< T 



(Ei a -w-«-wi ; 



tea 



1/2 



(5.24) 



Em*)i 2 )i(Em')i 2 > t 

tea tea 

Ela CT (t)| 2 )r 1 -f(El^WI 

tea 

t^IEKWI 



1/2 
9/2 



x 2 -l 1/2 
2 \ q 



tea 



9/2 



tea 

g— g g 

< T~C^ < e. 



2 9 

9/2 



We set 



*/ CT = E<#(M*)^(*))- 

tGcr 

By (|5.23|) and the Holder inequality in L2(A4; ^2( (7 )) we S e ^ f° r each a 
Wa<2(EllM*)a«r(*: 



tea 



1/2 <2(EiiMt)ii^) 1/2 ||(EKWi 2Xl 

te<r te<r 



< 2T 1/2 . 



Hence the family (y^o- is uniformly bounded in ^(-M), and we can consider 

y = w-L 2 -limya e L 2 {M). 

a,U 



Lemma 15.221 implies 

IMIhLc < \\m\\y a \\ h i c(a) . 

p a,U p K ' 

By the definition of y a and f)5 .23[) we get 



WvWhlHa) 



< 



Eii^wii 2 ) 1/2 |(Ei^wi 



1/2 



tea tea 

iEiiM*)ii2) 1/a ||(EM*)r Nl 

tea- tea 



< yl/2 



and we deduce that y € h~ c C hp c . We may adapt the proof of Lemma T5. 221 (i) to show that 

(5.25) lk-vllhi« ^ lir f}\\ x -y4hi°(ay 

Indeed, for a fixed partition tro and <5 > we can find a sequence of positive numbers (a m ) 
such that ^ TO a m — 1, and partitions cr 1 , er M containing cro such that 

< 5 



and 



- E a ™Va" 
m 

y° m \\hlH* m ) - ( 1 + S ) l ^\\ x -y^\\h 1 P Ha) for allm= ,M. 



THEORY OF "Hp-SPACES FOR CONTINUOUS FILTRATIONS 



81 



Lemma 157171 and ([57201) give 

\\ x - yWhi-^o) - \\x-J2 amy ' 

m 

< ^2a m (x - y a m.) 



/i p c Oo) 



^a m y^ -y L 

- 2|cr | L-^a™^ 



h p c (o- ) 

< ^ a m ||x - J/ CT »>||^c ((ro) + 2|(7 | y - ^ a mVa- 

m m 

<^2a m \\x- V*™\\t£, [cm) + 2d\o~ \ 

rn 

< {l + 6)\im\\x-y a \\ h i a((7) +25\ao\. 

Sending 5 to and taking the supremum over ctq we obtain ()5.25p . For each a we have by (|5.24p 



\ X -V"\\}fr{ a ) 



X)^(*)(oa(*)-o ff (t))|| 



tea 



(a) 



< (En 6 -(*)ii2) 1/2 |(EK(*)-^wi : 



teo- 



tGo- 



1/2 



< e. 



Hence \\x — y\\ h i c < £ and this ends the proof of the Lemma. 



□ 



We can now define by density a contractive map from h^ to h^, which is clearly injective for 
hp c and are subspaces of L P (M). 

Corollary 5.25. — Let 1 < p < 2. Then we have a contractive inclusion 

We deduce from Theorem 15.231 and Remark 15.211 (2) the desired Davis decomposition. 

Theorem 5.26. — Letl<p<2. Then 
(i) H c p = h d p + K p forl<p< 2, 
(ii) H\ = hf + 
with equivalent norms. 

5.3.2. The "Randrianantoanina's type" version of the Davis decomposition. — The continuous 
analogue of Corollary 15.101 is stated as follows 

Proposition 5.27. — Let 1 < p < 2 and x <G L 2 (A4). Then there exist a,b <S L 2 (A4) such that 
(i) x = a + b. 

(ii) ||a|| h d + ||&||h- <C(p)\\x\\n P 
(in) max{||aj| 2 , ||6|| 2 } < f(p, IMI« p , \\x\\ 2 ), 
where C(p) < C(p — 1) _1 as p —} 1. 

Proof. — We again use the limit argument detailed in the previous proofs of decompositions in the 
continuous setting. We start by applying Corollarv l5.10l to x <G L 2 (M) and obtain a decomposition 
x = a a + b a with 

(5.26) IKUfcd^) + ||Mfcj(<r) < C{p)\\x\\ H c {a} and max{||a CT || 2 , HM2} < f(p, \\x\\ H ^ a) , \\x\\ 2 ). 
Hence the families (a a )„ and (b a ) a arc uniformly bounded in L 2 , and we can consider 

a = w-Lo- lim a a and b = w-L 2 - lim b a . 

a.U a.U 

We obtain x = a + b where a, b e L 2 (M.) satisfy 

Ha < lim \\a a \\ 2 < lim/(p, \\x\\ h . {(t) , \\x\\ 2 ) = f(p, \\x\\ H$ , \\x\\ 2 ) 



<T,U 



82 



MARIUS JUNGE & MATHILDE PERRIN 



and similarly 

\\bh<f(p,\\x\\H° p ,\\xh)- 

Lemma 15.221 (ii) and (iii) give 

Nlh- <21im||a CT |U ((T) and ||6|| h = < 2 1 /*lim \\K\\ h o {a) . 

Combining with (15. 26ft we get 

||o|| h *+||6||h« < 2(1^11^11^^+1^116^11^^)) < 2^)1^11^11^^) < 2C(p)||x||«o. 

p (7,14 p (t,(a y <y,L4 y 

□ 

Corollary 5.28. — Let 1 < p < 2. Then 

Hp = EB = + with equivalent norms. 
Moreover, the constant remains bounded as p 1 . 

Proof. — On the one hand, if we consider Aq = L 2 (M.)^X = hp,Y = hp and A\ = L p (A4), then 
we may translate Proposition 15.271 in terms of EB-sum as follows 

(5.27) Hp = hp ffl hp with equivalent norms. 

But this holds with a constant C(p) which does not remain bounded as p — > 1. On the other hand, 
we know by Theorem 15.261 that 

(5.28) Hp = hp + hp with equivalent norms, 

where the constant remains bounded as p — > 1. We deduce that hp + hp = hp EH hp with equivalent 
norms for 1 < p < 2. Hence the two sums coincide isometrically by Lemma 13.51 This means that 
the constant in (|5.27|) is the same than the one in (|5.28l) . hence remains bounded as p — >• 1. □ 

5.3.3. The "mixed" version of the Davis decomposition. — Lemma 15.241 allows us to define the 
sum h p c ffl h°, and we may extend Theorem 15. 121 to the continuous setting. 

Theorem 5.29. — Let 1 < p < 2. Then 

Hp = hp" ffl hp with equivalent norms. 

We first need the continuous analogue of Proposition 15.151 

Proposition 5.30. — Let 1 < p < 2, p < p n < -j4^ and x e L 2 (M). Then there exist two 
families (ot)t>o and (&t)t>o * n L%(M.) such that 
(i) x = lim ax + &t in HZ n , 
(ii) \\a T \\ h u + ||6r||h« < C(p)\\x\\ n} for all T > 0, 
(Hi) max{|ja T ||2, ||6r||a} < C(p, \\x\\ n ,T) for all T > 0. 

Proof. — Let x € L%{M). By Proposition 15.151 for T > fixed and each a we can find 
aT(o~),bT(o~) G L 2 {M) such that 

- \\x-(a T (a)+b T (o-))\\ HCpo{a) <C(p,p )T-^o\\ x f^\\ x \\l/% 

- \\ a T^)\\ h u {a) + \\b T {(j)\\ h%{a) <C{p)\\x\\ H}[a) , 

- max{||a T (cr)|| 2 , ||6 T (cr)|| 2 } < g(p, \\x\\ H a {ah T)\\x\\ H c {a) , 

where s = an d t~ — ~ \ — \- Since [aT{cr)) a and (6r(cr)) (T are uniformly bounded in 
L 2 {M), we can consider 

ax = w-Lo- lim ot (o~) and 6r = w-Lo-]inxbT(o-). 

<7,U a,U 

Then the point (iii) is clear, and (ii) follows directly from Lemma 15.221 Since x — (ax + &r) = 
W-L2- lim^^ (x — (ar(cr) + brier))), by using Lemma 12.141 we can easily show that 

\\x - (or + b T )\\ H c < ^Hm ||z - (a T (a) + b T (a))\\ H ^) < C(j>,p )T-^\\x\\ P ^ + ^\\x\\ 2 2 /s . 

^ u a. LA yi} p 
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This gives (i) and ends the proof of the Proposition. □ 

Proof of Theorem \5.29\ — It suffices to prove that if x = (xi,X2) £ (hp c ffl h^)*, then 
(5.29) x 2 £L c p ,MO with \\x 2 \\l-,mo <C{p)\\x\\ {h i agih}) ,. 

Wc will conclude by using the fact that L c p ,MO = {U c p )* = (h*° + U c p )* by Theorem and 
Theorem [EH Let x = (xi,x 2 ) £ (h£ c ffl hp*. Then by Lemma Owe have x x £ (h^)*, x 2 G 
(h£)* = L p ,mo C L 2 (M) and (xi,y) = (x 2 ,y) for all y £ L 2 (M) n hp c . Furthermore 

IMIch^fflhg)* = max {IMI(hJ<=)'> IM|(h S )*}- 
For R > and cr fixed we consider the projection 

SrW) =l(\j2 e t,t®<%(x 2 )* <r) £ B(l 2 (a))®M. 



tea 

Then f R (a) = £ t£ff e t , t ® where /* (<r) = H\d°(x 2 )*\ < R) £ M. We set 

X*{<T) = Y,d a t {f t R {cT)d°{x 2 )). 
tea 

Since (x R (a)) a is uniformly bounded in L 2 (A4), we can define 

x R = w-L 2 - lim x R (a). 

a.U 

We will show that 

(i) x R G I^O with || i;;A40 < C(p)||z|| (h ic fflh?) , for all i? > 0, 

(ii) X2 = w-L 2 - lim a;^. 

Since LJ,Me) = (H°)* by Theorem and L 2 (M) is dense in % p , we will deduce (Egg) . Let 
p < Po < jz^- On the one hand, by (|5.16[) we get for each a 

ii V 2 

11^ p V 2 
II ^ pV 2 

Proposition 14.51 implies ||a^(°')IU c /mo(tO < C(p')||a:2|U c ,mo(o-)- Ori the other hand, by definition of 
/r(<t) we can write 

II^WII^( CT )<2(El|/»^( a; 2)||J) 1/P =2(^||/) f (a)|^(.T 2 )*| 2 ^( ( T)||^2) 1/P 

1 /2 

II J J \\L p , /2 (B(t 2 (a)<»M) 

Thus x 2 (a) £ hi(a) n L p ,mo(a) = L p ,MO(a), and we can control its Lp,MO(<r)-norm uniformly 
in a. We deduce that x 2 £ L p ,AiO. Now we want to estimate its Lp,A^O-norm. Let p < po < 
and y £ L 2 (A4) be such that ||y||^ < 1. By Proposition 15.301 we can approximate y in T-L po by a 
family ar + &t such that <2t,&t G Z^OM) and ||ciT|| h ic + ||&T||hg < C(p)II x IIw p f° r au T > 0. Since 
x R £ L c p ,MO C L°,MQ = (H po )* and x R ,a T ,b T G ^(.M), we can write 

y> = 1™ (af > «t + 6r) = lim (x R , a T ) + (x R , b T ). 

T— >oo T— >oo 

By (|5.30j) we clearly have 

\{x R ,br)\ < ||a;| l || (h . ) .||6 r || h . < C p \\x 2 \\ iKr \\b T \\ K . 
Observe that for z £ L 2 (Ai) we have (x R ,z) = (x 2 ,z R ), where 

z R = w-L 2 -limz R {a) and z R {a) = V (f t {f R {a)d1 (z)) . 

a.U 

tea 
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If in addition z g L 2 (M) n h p <=, then z R e L 2 (M) (~1 h p c with 

(5.31) ll**llhi«<C P Ml hi «. 

Indeed, for a hxed, let e > and = 6 cr (i)a cr (i) be a decomposition such that 

( ii 6 - c*) Hi) 1/2 1| ( c*) i 2 ) 1/2 1| <inii^ (ct) + £! 

tea tea q 

where ± = § + ±. Then f R {a)d a t {z) = f R {a)b a {t)a a {t) and 

tea tea 

<C p (\\z\\ hic(a) +e). 

Taking the limit in a and as e — s- we get (|5.31[) . Then applying this to z = ax € ^(-M) n hp c we 
get 

,or>| = |(z2,af)l = l(ai,a?}| < lki||(hJ«)«l|or llhj« ^ ^IMI^). MhJ- 
Finally we obtain 

\{x 2 ,y)\ < Cpjim (||ar|| h jc + ||&r||hg) max{||xi|| (h i c) », ||x 2 ||( h c).} 

< Cplblkj max{||xi|| (h i c) ,,||x2||( h c).}. 

Hence by density of L 2 (M) in we deduce (i). It remains to prove the convergence (ii). We 
start by proving that x 2 = w-L r - liniR^oo x R for all r > 2. Since the family (x R ) R is uniformly 
bounded in L 2 (M), the weak limit exists in L 2l and necessarily coincides with the weak limit in 
L r . Hence we will deduce (ii). Let r > 2 and y € L r (A4). We prove that for a fixed, 

(5.32) \(x 2 -x R (a),y)\ < C r R- 2 / u \\x 2 \\l +2/u \\y\\ r , 
where h = - + -. We will conclude that 

2 r u 

\(x 2 - x?,y)\ < lim\(x 2 -xf(a),y)\ < C r R- 2 l u \\x 2 \\\ +2/u \\y\\ ri 

a.U 

which trivially tends to as R goes to oo. To prove f|5 . 32[) we use 

tr o r(l - f R (a)) < iT 2 tr o r( ^ e M ® K(s 2 )*| 2 ) = R~ 2 \\x 2 \ 

tea 

We write 

\{x 2 - x R (a), y)\=J2 r(dr(x 2 )X((l " /bWK fo))) 

tGcr 

o ,/2 

tGcr 

2||x 2 || 2 ||(l - /«(<r))(^>, t ® K(i/)*| a )(l - / 8 (<r)) 1 
teo- 



2 



<2||x 2 || 2 (^||(l-/^)K(y)ll 



< 2||.T 2 || 2 ||1 - .feM IIl,,^^))^)! ® K(tf)1 ! 



Li(B(f 2 (<r))®A<) 
1/2 

L r/2 (B(£ 2 (<T))®A4) 



\ * 1 2 

tea 

< 2R-^\\x 2 \\l +2 ^\\y\\ t4{<r) < 2C r Rr 2 ^\\x 2 \\ 2 +2 ^\\y\\ r , 
where the last inequality comes from the continuous inclusion L r (Ai) C hf(a). □ 

Since h p c C hp contractively, we can deduce from Theorem 15.291 a new proof of Corollary 15.281 
which allows us to extend it to the case p = 1. 

Corollary 5.31. — We have 

W{ = hf EH W{ = hj + LhJ with equivalent norms. 
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Proof. — We consider the following bounded maps 

U\ = h\' ffl \\\ ^ hi ffl h\ ^ hi ffl Lhl ^hi + Lhl = U\. 

Here the first equality comes from Theorem 15.291 the last one from Theorem l5.26l (ii). the map ipi 
comes from the contractive inclusion h} c C hf , (p? from the quotient map hf — > LhJ and ips is the 
quotient map described in Lemma 13.41 Since this composed map coincides with the identity on 
^(■M), the result follows by density. □ 

Remark 5.32. — In fact Corollarv l5.31l could be proved directly. Indeed, in the very recent paper 
[46] , Randrianantoanina and Xu give a constructive proof of Corollarv l5 . 1 01 for p = 1 in the discrete 
setting. Then Proposition 15 . 271 can be easily extended to the case p = 1 with slight modifications, 
and Corollary 15.311 follows directly. 

Corollary 15.311 leads naturally to the definition 

Definition 5.33. — We define 

hi = hf ffl hi ffl h\. 

Eventually, combining Corollary 15.311 and Theorem 15.291 with Proposition 13.151 we obtain a 
continuous analogue of (|5.1j) . 

Theorem 5.34- — We have 

Hi = hi = h} c ffl h\ r ffl hj ffl h^ with equivalent norms. 

Remark 5.35. — The decomposition given by Theorcm l5.34l vields an "atomic" characterization 
of the space Hi which could be useful for applications. Indeed, this provides a nice way for proving 
that an operator x £ L2(A4) is in BM.O. It suffices to test x against the "infinitesimal atoms" 
given by the definition of h* c , h\ T and the discrete atoms of h\, h\ introduced in [2] (since the h\ 
and h^-norms arc infimum by Lcmma l4.13|l . 

5.4. Davis inequalities for 2 < p < oo. — We now want to extend Theorem 15.11 to the 
continuous setting for 2 < p < oo. As we did in subsection 13.41 for proving the noncommutativc 
Burkholdcr-Gundy inequalities for 2 < p < oo, we will use a dual approach. This is why we need, 
as in this latter case, the Randrianantoanina's type version of the Davis decomposition proved 
in Proposition 15.271 Moreover, we need to discuss the dual space of the diagonal space h^ for 
1 < p < 2. That is a very delicate point, and actually we won't describe this dual. However, we 
define a smaller space for 2 < p < oo which will play the role of the diagonal space in the Davis 
inequalities. 

Definition 5.36. — Let 2 < p < oo. We define the space as the space whose closed unit ball 
is given by the absolute convex set 

B Jd = {x e L 2 (M) : lim||x|U, (CT) < 1, \\x\\ 2 < I}"'" 2 . 

y (7,14 ^ 

Then the norm in is given by 

\\x\\ Jdp = inf{C > : x £ CB 3i \. 

Lemma 12.351 ensures that this defines well a Banach space. We may naturally introduce the 
seminorm 




for 2 < p < oo and x € L p (M). By interpolation between the cases p = 2 and p = oo, we have 

\\x\\ h d < 2\\x\\ p . 

In this situation we also have some monotonicity properties. 
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Lemma 5.37. — Let 2 < p < oo, x € L p (A4) and a C a' . Then 

IklU-(a') < 2||x||hd (o .). 

Hence 

-\\x\\ K < vcd\\x\\ h ij a) < \\x\\ h d. 

Z P cr P P 

Proof. — The proof is similar to that of Lemma \5.17l hence we omit the details. □ 

As a direct consequence, we see that the seminorm || • || h d and the space Jp do not depend on 
the choice of the ultrafiltcr W, up to a constant. We can now state our continuous version of the 
Davis inequalities for 2 < p < oo. 

Theorem 5.38. — Let 2 < p < oo. Then 

Hp = Jp H with equivalent norms. 
Moreover, the constant remains bounded as p — > oo. 

Proof. — We clearly have a continuous inclusion Hp C hp 1 and a contractive inclusion Hp C Jp. 
Indeed, let x e Ai be such that < 1. Then 

Iim||x|| h * (ff) <lim||a;|| H c ((T) < 1 and \\x\\ 2 < \\x\\ n c < 1. 

<7,l4 P <T,C4 P 

This means that x <G B 3 d. Conversely, let x £ Jp (~1 h£ be of norm < 1. We can write 

x = L2-Vmix n = hp-lima;^, 

where the sequence (x n ) n satisfies ||a; n || h d < l,|jx„||2 < 1 for all n, and (x' n ) n is a sequence in 
Lp(Ai). Recall that by Corollary 12.291 and Lemma [2.301 we have 

(H c p Y = H%, = {x e L p ,{M) : ||a;|| w . < co} 

with equivalent norms. Hence by the density of L 2 (M.) in Hp, it suffices to estimate |r(x*y)| for 

y € L 2 {M), \\y\\-H c < 1- By Proposition 15 . 271 we may decompose y = a + b with a, b € L 2 (M) and 

p' 

\\a\\ K + \\b\\ K <C(p). 

Then 

\r(x*y)\ < \r(x*a)\ + \r{x*b)\ < lim | T «a)| + lim |r(«)*6)|. 

n n 

For each a we have 

\r(x* n a)\ < \\x n \\ h d {a) \\a\\ h d Aa) and |r(«)*6)| < \\x' n \\ h c (a) \\b\\ h ^ {a) . 
Taking the limit over a yields 

\r{x* n a)\ < ||x„|| h d||a|| h d < ||a|| h d and |r(«)*6)| < |KlkH&||hv 

p pi pi f p 

Hence we get 

\r{x*y)\ < \\a\\ h d + lim ||a4|| h c ||6|| h c = ||a|| h d + IMIhdHk, 

p' n p p p' p p 

< \\a\\ h * + ||&|| h . < C{jp). 

Moreover the constant C(p) remains bounded as p — > 1 thanks to Corollary 15.281 □ 

We presented above a direct proof of Theorem 15.381 but this does not explain where does 
the space Jp come from. This is why we detail below the whole argument, which highlights the 
construction of the space Jp. Moreover, we will use this construction in the sequel. 

The delicate point here is to describe the dual space of the diagonal space hp for 1 < p < 2. 
Since we are only interested in the dual of the sum hp EH hp, the key trick is to replace hp in this 
sum by a nicer space, without changing the EB-sum. We first observe that since L 2 (M) is dense in 
h p , we have 

Lemma 5. 39. — Let 1 < p < 2 . Then 
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(i) h c p = L 2 {M)mh c p forl<p<2, 

(ii) lh\ = L 2 (M) S3 Lrq 
isometrically. 

Proof. — For 1 < p < 2, we consider 

A = L 2 (M),X = L 2 {M) 7 Y = b L p and A x = L P (M). 

By the density of L 2 (A4) in it suffices to see that \\x\\h^ = ||a;||L 2 (Ai)fflh c f° r x £ L 2 {M.). Let 
x G L 2 (M). It is clear that x, 2 (A4)fflh= < IMIhg- Conversely, we assume z, 2 (A4)fflh= < 1- Then 
there exist a, b <G L 2 (Ai) such that 

x = a + b and 1 1 C£ || 2 + || &|| h c < 1. 

By the Holder inequality we get 

IMIhj < ||o||hj + ||6||hj < ||o|| 2 + ||6||hj < I- 

Since L 2 (A4) is dense in Lfq and LhJ embeds into Li(Ai), the proof for p = I is similar. □ 

The idea is to add the space L 2 (M.) to to obtain a new larger diagonal space, in which L 2 (A4) 
will be dense, and which will preserve the EB-sum with h p . Hence we introduce the following space, 
which will play the role of in the sequel. 

Definition 5-40. — Let 1 < p < 2. We define 

K d p = h d p BL 2 (M), 

i.e., Kp is the completion of L 2 {M.) with respect to the norm 

\\x\Wd = inf ||a|| h d + H&H2. 

p x=a+b,a&L 2 {M)nh$,b£L2(M) p 

Note that in this application we consider 

A = L 2 (M),X = bp,Y = L 2 (M)(&nd A 1 = L P {M)). 

By the definition of h^, these spaces satisfy the density assumption p.Iip (moreover X and Y 
embed continuously into A\). By working a little bit more we can prove that the space embeds 
into L p {M). The discrete analogue of is the space K d (a) = hp 1 (a) S3 L 2 (M), defined as the 
completion of L 2 (AA) with respect to the norm 

\\x\\ Kd(n-) = inf l|a|Ldr„\ + II6II2. 

" x=a+b,aeL 2 (M),beL 2 (M)" nh ' W " " 

Observe that since we consider finite partitions, the norm || ■ 1 1 ^ ( o- ) i s equivalent to the norm || • || p 
for 1 < p < 2. Hence for a finite partition cr, K p (a) is L p (M) equipped with the norm || • ||A' d (er)- 

Lemma 5.^1. — Let 1 < p < 2 and x € L 2 (M.). Then 

-\\x\\ K d < hm||a;||^(a) < IMIk*- 

Moreover the map iu : x € L2(M) i— > (x)* extends to a contractive injective map 

Proof. — Let x <G L 2 (AA). It is obvious that 

lim Ikll^(a) < N| K g- 

<7,U p p 

Conversely, we assume lim CT> ^ H^Ha^o-) < 1- We may suppose that ||^|| jc*(cr) < f for all a. Then 
for each a there exist a(a), b(a) £ L 2 (Ai) such that 

x = a(a) + b(a) and ||«(cr)|| ^(o-) + 1 1 fc»(cr) 1 1 2 < I. 

Note that 

\\a(a)\\ 2 = \\x-b(a)\\ 2 <\\x\\ 2 + l. 
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Hence the families (a(cr)) (T and (b(a)) a are uniformly bounded in L 2 (AA), and we can consider 

a = w-L 2 - lima(cr) and b = W-L2- lim b(a). 

G.IA (T,U 

Then we may write 

x = a + b, 

where a € L 2 (M) n hp, b £ L 2 (M) satisfy by Lemma IS~!2"2l (ii) 



We obtain 



|a|| h , + ||6|| 2 < 2 lim {\\a(a)\\ h}(a) + \\b(a)\\ 2 ) < 2. 

p 17, LA p 



WAWi < 2 lim 11x11^(0-). 

y <J, LA v 



□ 



Note that by Lemma 15.171 we have 

\\x\\ K d (rj) < 2\\x\\ K ^ a , } 

for a C a' and x £ L 2 (M). Hence 

lim NllW(a) < SUP llxllxKo-) < 2 lim ||x||jfd (o .) . 

This means that the norm || • \\ K d is equivalent to supg. || • || j<-e*( CT ) - Thus adapting the proof of 
Proposition ^. 27l and using Lemma 15.411 we can show that 

Lemma 5-4.2. — Let 1 < p < 2. Then 
(i) {x £ L p (M.) : ||x||K d < °°} * s complete, 
(ii) Kp embeds injectively into L p (A4). 

Observe that by Lemma f3.5[ we deduce that in fact K p = hp + L 2 {M) isometrically. We can 
now consider 

A = L 2 (M),X = K d p ,Y = h£(and At = L P {M)). 
The associativity of EB combined with Lemma 15.391 yield that K p preserves the EB-sum with h p in 
the following sense. 

Lemma 5-43. — Let 1 < p < 2. Then 
(1) hp EE! h£ = Kp EE! hp for 1 < p < 2, 
(ii) hf EE! Lhi = Kf EB LhJ 

isometrically. 

Proof. — By associativity, Lemma 15.391 gives for 1 < p < 2 

hp 1 EB (L 2 (M) B3 hp) = (hp! EB L 2 {M)) EB h c p = EB h p . 
The proof for p = 1 is the same. □ 

At this point we have our new candidate Kp for the diagonal space. Indeed, interchanging hp 
to Kp does not affect the EB-sum with hp. Moreover L 2 (Ai) is dense in Kp, and this will help us 
for describing its dual space as the space 3 p introduced previously. We first need to give another 
description of J p . In the discrete case, for a finite partition a and 2 < p < 00 we define J p (<r) as 
the space L p (M) equipped with the norm 

INIj^o-) = max (IMLrf(o-), ||x|| 2 ). 

By Lemma T5. 371 it is clear that for 2 < p < 00, x £ L p (M.) and a C a' we have 

||x||./d ( o-') < 2||a;||, / d ((T) . 

For 1 < p < 2, the discrete duality h p (a)-h p ,(a) implies 

(K p ((j))* = Jp,{a) with equivalent norms. 
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Moreover, 

jjNIj^) < \\ x \\(K*(*)r ^ IMIj^m- 

Observe that the space Jp may be characterized similarly to the space L^AiO as follows. 

Lemma 5-44- — Let 2 < p < oo. 

(i) For 2 < p < oo. the unit ball of Jp is equivalent to 

M v — \x = w-L 2 -\imx a - : lim \\x a \\ jdr n \ < 1}. 

11 a,U a.U " a ^ J P [ -' J > ~ J 

(ii) The unit ball of is equivalent to 

II -h 

Boo = {x = w-L 2 -\imx cr in L 2 : \\Ta.\\x a \\jd t a) < 1} 

a.U a.U 00 

Proof. — Since the discrete Jp(cr)-norms are decreasing in a (up to a constant 2), we may adapt 
the proof of Proposition 12.411 and obtain that B p is equivalent to 

II- h 

{x e L 2 {M) : lim ||x|| jd {a) < 1} ". 

Moreover, it is clear that for x £ L p (A4) 

lim lkll^(o-) -2 max(||.T|| h d, ||x|| 2 ). 
We obtain that B p is equivalent to Bjd for 2 < p < oo. □ 

This characterization describes the dual space of K^. 
Lemma 5-45. — Let 1 < p < 2. Then 

(Kp)* = Jp, with equivalent norms. 

Proof. — The proof is similar to that of Theorem 12.361 Indeed the description of the space Jp, 
given in Lemma [5 .441 is similar to that of the space L c v ,M.O. The contractive inclusion C (K^)* 
follows easily from the discrete duality (K^ (er))* = j£ (a) and the density of L 2 {M) in Kp\ For the 
reverse inclusion, recall that by Lemma f5.41l the space Kp embeds into J\ u Kp(a), and ||x|| Kt i < 
2 lim CTi ^ || a; ||if d ((T)- Hence by the Hahn-Banach Theorem wc may extend a linear functional on Kp 
of norm less than one to a linear functional on Y\ u K^(a) of norm less than two. Then we use the 
same argument as in the proof of Theorem 12.361 The crucial point here is that 

(5.33) L 2 (M) is dense in Kp and \\x\\ 2 <\\x\\jd ((y) . 

□ 

Remark 5-46. — The same argument does not work if the observation (|5.33p is not verified. This 
explains why we cannot easily describe similarly the dual space of hp for 1 < p < 2, and justifies 
the introduction of the spaces Kp\ 

We obtain another proof of Theorem 15.381 

Proof of Theorem \ 5. 3 8\ — Combining Corollary 12. 291 (i) with Corollary 15 .281 and Lemma [533] and 
we get for 2 < p < oo 

U% = (u c p ,y = (h^, EH h;,)* = (K£ EB h;,)*. 
Then Lemma l3~71 Lemma IQSI and Corollary 14. 241 (i) yield 

^ = (K^,)*n(h p ,)* = j^nhp. 

□ 

Remark 5-47. — This argument can be extended to the case p = oo,p' = 1. Then by duality 
Corollary 15.311 implies that 

BMO c = J^nb mo' with equivalent norms. 
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5.5. Burkholder-Rosenthal inequalities. — We may now extend the noncommutative 
Burkholder-Rosenthal inequalities recalled in Theorem 14. 71 to the continuous setting. We introduce 
the conditioned Hardy space h p as follows. 

Definition 5-48. — Let 1 < p < oo. We define 

f + + h; for Kp<2 

p \ J p d nh;nh; V 2< P <oo ' 

where the sum is taken in L P (M) and the intersection in L-2{M.). 

Combining the Davis inequalities fTheorem l5.26l and Theorem l5.38p with the Burkholder-Gundy 
inequalities (Theorem 13.21 and Theorem I3.12[) we get 

Theorem 5-49. — Let 1 < p < oo. Then 

Lp(M) = Up with equivalent norms. 

Corollary 5.50. — Let 1 < p < 2. Then 

h p = ffl h£ ffl h r p = hi" ffl ffl h c p ffl h r p isometrically. 

Proof. — Combining Corollary 15.281 with Corollary 13. 1 II we obtain that the two sums hp + hp 1 + h r p 
and ffl ffl hp coincide with equivalent norms. Hence they coincide isometrically by Lemma 13.51 
The second equality follows similarly from Theorem 15.291 □ 

Appendix 

We end this paper with some problems which arc still open at the time of this writing. They 
concern the more difficult case p = 1. For 1 < p < 2, Corollary |2.31l gives a nice description of the 
space "Hp. However, we do not know if this characterization still holds true for p = 1. 

Problem 5.51. — Do we have HI = {x € L\(M) : \\x\\n^ < oo} ? 

On the dual side, by Remark l2.39l fiii) we know that the L^MO-norm is the limit of the discrete 
-LpAfO-norms for 2 < p < oo. For p = oo, we only established one estimate in Corollary 12.401 (iii). 

Problem 5.52. — For ieM, do we have 

IMlBA4e> c - hm 1 1 X || BMO- (a)? 

The two last problems concern the delicate point of injectivity of the spaces. The first one 
concerns the space Hi defined in paragraph s. 51 

Problem 5.53. — Does H\ embed injectively into Li(M) ? Or, equivalently, do we have Hi = 
H\ + H\ ? 

A way of solving this problem could be by finding a "Randrianantoanina's type" explicit decom- 
position in L2(M) of the discrete space Hi with a simultaneous control of the norms. The second 
injectivity question deals with the column conditional Hardy space h^ studied in Section 01 

Problem 5.54- — Does h^ embed injectively into L\(M) ? Or, equivalently, do we have \\\ = LhJ 

9 

Observe that these two last problems are somehow related. Indeed, for x € Ai we can consider 

IMIh, = lim IMUiM- 
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This defines a norm on A4, and we denote by hi the corresponding completion. With the notations 
of Section HI we have seen in the proof of Lemma T4 . 2 2 1 that for x £ M. we have vu(x) = (v a (x))' £ 
Li{Mu)- Moreover. Proposition POTl (i) yields 

hu{x)\\ Ll (N- u ) = lim IK(z)|| Ll(A f ((T)) < Clim \\x\\ hl{a) = C\\x\\z . 

This means that vu extends to a bounded map from hi to Li(Mu)- Since L\{Mui £m u ) embeds into 
L\(Nu) by Remark ll.ll[ the following commuting diagram shows that the natural map ip : hf — > hi 
is injective: 



Hence the problem of the injectivity of h^ into Li(M.) is related to the problem of the injectivity 
of Hi into L\{Ai). More precisely, the commuting diagram 



hi 





means that if Ip is injective then ip is also injective. 
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